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ABSTRACT . - An experimental investigation was undertaken with two sand-box
models to study the piezametric head distributions for groundwater seepage
in the neighborhood of impervious boundaries with sharp and rounded corners.
Piezometric head distributions were measured for flow which accelerated
after passing a sharp corner, for flow which decelerated after passing a
sharp corner, for flow which accelerated after passing a rounded corner,

and for flow which decelerated after passing a rounded corner. These
experimental piezametric head distributions were then campared with the
theoretical piezometric head distributions calculated from Darcy's law.

The results of this comparison indicate that there is better agreement
between theory and experiment for flow past a rounded corner than for flow
past a sharp corner and that the best agreement in either case is obtained
for flow which decelerates after passing a sharp or rounded corner. In
addition it was found that dimensionless piezametric head distributions were
not identical for the decelerating and accelerating flows. Since Darcy's
law predicts that the dimensionless piezametric head distributions should
be identical, and since Reynolds numbers were less than unity for the flows
past the rounded corner, it was concluded that either Darcy's law does not
accurately describe seepage in regions of rapid acceleration or else experi-
mental errors must account for the rather large disagreement between experi-

ment and theory.
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NOTATION

The following symbols are used in this thesis:

o

= 2 < | o a

[

B oy ox M

a constant;

a oconstant;

a constant;

average diameter of glass beads;
gravitational acceleration;
piezametric head = ($- + 2);
hydraulic gradient;

current;

coefficient of permeability:;
pressure;

Reynolds number;

velocity in the x direction;
velocity in the y direction;
velocity in the z direction;
discharge velocity;

distance measured in the x direction:;
distance measured in the y direction;
distance measured in the vertical direction;
density of fluid;

coefficient of dynamic viscosity;
specific weight;

conductivity.

potential function (velocity potential)
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CHAPTER I

INTRODUCTION

In 1856 the well-known French engineer Darcy [3]"r was interested
in the flow characteristics of sand filters. Darcy had to resort to an
experimental study of the problem, and thereby laid the real foundation for
the qualitative theory of the flow of hamogeneous fluids through a porous
media. His classical experiments gave very simple results —- that the rate
of flow, Q, of water through the filter bed is directly proportional to
the area, A, of the sand the the piezametric head difference, sh, between
the fluid heads at the inlet and outlet faces of the bed and is inversely
proportional to the thickness, L, of the bed. This may be expressed
analytically as

Q = - e e o & 6 & & o ® o s & © ° o & o (1)

where ¢ is a oconstant characteristic of the sand.

In 1863 Dupuit [4] carried out the first theoretical investi-
gation of seepage based on Darcy's law. He made two important assumptions
in his theory: (1) that for small inclinations of the line of seepage the
streamlines can be taken as horizontal (2) that the hydraulic gradient was
equal to the slope of the free surface and was invariant with depth.

In 1889, the first general theory and differential equations of
seepage were formulated by the eminent Russian mathematician and mechanist
N. E. Zhukovskii [22]. His theory showed that, for any flow which satisfied

Darcy's law, the piezometric head satisfied the Laplace equation.

*
Figures in brackets refer to references at the end of the thesis.
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Zhukovskii also pointed out the mathematical analogy between seepage and
heat transfer.

Since the formulation of the general theory of seepage by
Zhukovskii, countless numbers of experiments have been carried out in many
nations to verify the results of Darcy and Zhukovskii for relatively low
Reynolds numbers.

Laplace's equation is the simplest and most studied elliptic
partial differential equation in mathematical physics. This has resulted
in a vast number of mathematical solutions to particular seepage problems.
However, a large majority of these solutions have at least one cammon weak-
ness: that is, sharp corners in the geametry of flow boundaries which lead
to infinite flow velocities in the mathematical model. As pointed out by
Harr [6], since flow velocities (and thus Reynolds numbers) in the physical
model also become large (although finite) at these points, this simply
means that Darcy's law is no longer valid in the region of these mathe-
matical sinqularities. This deviation from Darcy's law near the sharp
corner modifies the entire flow field and, as pointed out, by Hunt (8] can
lead to a considerable discrepancy between calculated and experimental
results. One of the objectives of this research is to investigate in
detail this experimental deviation of Darcy's law in the vicinity of a
sharp corner, and then to investigate the effect of streamlining the corner

by rounding it.



Many investigators in this century have concerned themselves
withﬂeeq:erimtalarﬁamlyticalshﬂyofrmlimarseepageformla-
tively high Reynolds numbers [1], [18], [12]. Most of the experimental
studies have been made upon one-dimensional flows between parallel bounda-
ries, although one relatively recent experimental study [20] was concerned
with the nonlinear seepage between converging streamlines. The analogous
flow between diverging streamlines has yet to be studied.

Analytical studies have largely been concerned with developing
numerical techniques for solving various partial differential equations
which have been proposed as mathematical models for nonlinear seepage.
However, the camplexity of these nonlinear equations makes exact solutions
impossible to obtain and numerical solutions both costly and difficult.
Furthermore, not enough is yet known about these mathematical models to
assess the strengths, weakness, and best uses of each. Since any equation
for nonlinear flow which will be used in the future for engineering cam-
putation should be capable of modeling flow around a sharp corner with
reasonable accuracy, the experimental results of this study should be
useful to other investigators for testing the validity of various mathe-

matical models of nonlinear seepage.



CHAPTER II

OBJECTIVES

The following are the primary objectives of this study:

1. To cbtain a qualitative understanding of the way in which
experimental pressures deviate from those calculated fram parcy's law in
the neighborhood of sharp and rounded corners.

2. To provide detailed experimental results which could be used
by other investigators to test the validity of various mathematical models

of nonlinear seepage.



CHAPTER IIIX

THEORETICAL ANALYSIS

1. Darcy's law and its range of validity. - The relationship
between the hydraulic gradient and the discharge velocity is given by
Darcy's law

Ve Kiooeoieeeoeooooooeoesoos (3

-k %
where V discharge velocity
k = coefficient of permeability
i = the negative hydraulic gradient

_dh
ds

As stated by Harr [ 6!, Darcy's law is a statistical, macroscopic equivalent

of the Navier-Stokes equations of motion for viscous groundwater flow.
Though Darcy's law in no way describes the situation within an

individual pore, it has been shown experimentally in many cases to give
accurate macroscopic results for the so-called "creeping flows". The
criterion of its validity is furnished by the Reynolds number

R = . ... @

u

V = discharge velocity

D = average diameter of granular material

p = density of fluid

u = coefficient of dynamic viscosity



Slichter [16] determined that Darcy's law does not hold for high
Reynolds numbers. This resulted in Forchheimer [5] representing the
hy@raulic gradient by a nonlinear equation
i = av+bv? ... ettt e e e (5)
where a and b are constants determined by the properties of the fluid and
the medium. later, Forchheimer added the factor cv?® in order to obtain
agreement with experimental results. A number of investigators |Lindquist
[13], Ward [19], Marcon [11]| have verified Eq. 5 experimentally over a
range of Reynolds numbers between 0 to 30.
Missbach [10] suggested the form
T O ()
where ¢ = a constant determined by the proper-
ties of the fluid and medium
and m = an exponent lying between 1 and 2.
Equation 6 is empirical and has been used by specifying different values
of c and m to fit experimental results [18].
Almost all the investigators agree that Darcy's law in its original
form is valid for Reynolds numbers less than unity

e A

Do 1
u —

(7)

and that the transition from laminar to turbulent flow occurs in the range
of Reynolds numbers between 1 and 12 [6].

2. Variation of Reynolds number along a boundary. - Assuming
that Darcy's law is valid, velocities can be approximated along a boundary
with the finite-difference equation

= -xin
V - kAs e ® o & * e & o e+ o .« o o o (8)



k
Ah

As

given by

discharge velocity along the boundary

coefficient of permeability

piezametric head drop along the boundary
increment of arc length along the boundary
Thus, the ratio of Reynolds numbers at any two points along the boundary is

B _wn_

R

V2

shz

As,
As)

e o & o o o & o 0(9)

Bquation 9 permits the approximate calculation of Reynolds number along a
boundary if the Reynolds number at one point along the boundary is known.

3. Laplace's equation and solutions. -

continuity
du
axX
and Darcy's law
u =
v =
W o=

v w
Y 32

is obtained the lLaplace equation

+

3% , 3% , 3%

ax2

¢ =

ay? az?

-k(§-+ z) .

*

Fram the equation of

L]

The problem under consideration is two—dimensional

the laplace equation becames

B ¢ L))

o o ® -(11)

. o . +(12)

e o . «(13)

. o o (14)

.« « (15)

¢ (x, Y) and



2 2
V2¢ = % + ¢ = 0
ax2 ay?

c e o s s o s o o (16)

Analytical solutions of this equation for different boundary conditions
have been treated extensively in technical literature. Electrical analog
solutions to steady-state seepage problems have also been shown to give
exceptionally accurate results by many investigators [2],{7],[24 ,[21].

4, Electrical analogy. - The correspondence between the steady-
state flow of water through a porous media and the steady-state flow of
electricity in a conductor [6] is given below.

Steady State Seepage Electric Current

Total head, h Voltage, V

Coefficient of permeability, k Conductivity, o

Discharge welocity, v Current, I

Darcy's law, v= -k grad h Om's law, I =-ocgrad V
Governing equation, v2h = 0 Governing equation, V2V = o
Equipotential lines, h = const. Equipotential lines, V = const.
Inpervicus boundary, a8 = 0 Insulated boundary, 3% = 0

Fram the above correspondence it is easily seen that the analogy between
seepage and current flow is very close. Hence, to determine lines of equi-
potential in the problem under consideration, the flow domain may be
replaced with an electrical conductor of similar geametry.

5. The analog field plotter. - A circuit diagram of an analog
field plotter which is similar to that used in this study to determine
the theoretical equipotential lines is shown in Fig. 1.



Conducting paper (Teledeltos) was cut precisely to half the scale
of the model. Two strips of current-conducting, aluminum paint served as
electrodes and, thus, modeled reservoirs of constant piezametric head in the
experimental model. After setting the rectifier bridge at the required
potential, the probe and null detector were used to trace the equipotential
lines.

Fuse
™~ 9 -0 —
)]
TO 110 VAC R2
o+

T1 Transformer
Rq Resistance
¥y  Rectifier bridge \fu_}f - Probe
C, Electrolytic capacitor

1
R, Resistance (Helipot) =

Y2

(] Null detector (microammeter)

Y2 Germanium diodes

FIG. 1. - CIRCUIT DIAGRAM CF ANALOG FIELD PLOTTER
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CHAPTER IV

EXPERIMENTAL INVESTIGATION

Schematic representations of the two models used for the investi-
gation are shown in Figs. 2 and 3. Photographs of the same two models are
shown in Figs. 4 and 5. These models were constructed and the experimental
investigation was carried out at the Charles W. Harris Laboratory at the
University of Washington.

1. Construction of Models. - The cases of these models were made
of %" thick Plexiglas as shown in Figs. 6 and 7. The sides and top were
permanently bonded by means of metal screws and cement. A total of 79 and
61 mancmeter taps were installed in the tops of the models with the rounded
and sharp corners, respectively. An additional 20 taps were added along
the sides of the model with the sharp corner. These taps were all installed
prior to assembling the cases.

Approximately 1.5 cu. ft. of fine glass beads with an average
diameter of 0.0390 cm. were poured into a separate large pan and mixed
thoroughly with Epoxy cement. The camposition of the Epoxy cement consisted
of 100 parts by weight of Epibond 1210 to 22 parts by weight of hardener
9615 (Furane). Wooden dumies coated with wax were placed in the positions
of the end tanks. The mixture of glass beads and cement was then packed
into the cases while taking extreme care to remove all air pockets in the
aquifer. The cases were clamped fimmly to a flat surface during the filling
operation, and the models were allowed to cure for about 72 hours.

The wooden dumnies were removed and a sheet of foam rubber soaked in
rubber cement was placed on top of the consolidated aquifer. The Plexiglas
bottam was then screwed onto the models after cement was placed on all the
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FIG. 2. - EXPERIMENTAL MODEL WITH SHARP CORNER

FIG. 3. - EXPERIMENTAL MODEL WITH ROUNDED CORNER
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PHOTOGRAPH COF MODEL WITH SHARP CORNER

FIG. 4. -
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PHOTOGRAPH OF MODEL WITH ROUNDED QORNER

FIG. 5. -



14

. ° .
° o °
e o o © ° °
° o e ® © e o o °
-
° o *,
o oo
o o o © o0 0 o o e o
.
°
°
° . ° °
¥ Top
° ° P d
]
e e e .“
°
o a ° °
- °

FIG. 6. - PLEXIGLAS CASE WITH SHARP CORNER IN INVERTED POSITION

FIG. 7. - PLEXIGLAS CASE WITH ROUNDED CORNER IN INVERTED POSITICN
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seams to make the entire model watertight.

Finally, both models were turned upside down and placed on a flat
surface for about 24 hours. Tenite tubing of inside diameter '/16" was cut
into 24" pieces and was cemented onto the mancmeter taps with Plexiglas
cement. Inlet and outlet valves were fitted to the reservoirs.

A constant-head tank, 7" in diameter and 18" high, was constructed
and placed on a wooden frame approximately 20" in height. Inflow for the
overhead tank was taken fram the city water supply lines, and the outlet
fram the overhead tank was connected to one of the tow end reservoirs of
the model.

2. Procedure. - The model was initially levelled and then operated
by opening the inlet valve very slightly while the outlet valve was kept
closed. This was done in order to saturate the media wvery gradually and,
thus, remove any air trapped in the porous media. When the media was
saturated campletely, the inlet valve was opened further to bring the water
level at the inlet and outlet tanks to a higher cammon level. The levels
in all the manameters were then checked to see if they were at the same
level. This check was made to verify that the équifer was completely
saturated. The outlet valve was opened to bring down the level in the out-
let reservoir to the desired height. A time period of about 15 to 20 minutes
was allowed for the levels in the manameters to reach a steady state. The
levels were then recorded with the aid of adjustable inside calipers and a
24-inch ruler taking the top of the model as the datum. The flow rate was
detemined by measuring the time required to collect a known volume of water
at the outflow exit. Once a set of satisfactory readings was obtained for

a particular direction of flow, the inlet valve was closed and the model was
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drained camwpletely. In order to reserve the direction of flow, the supply
from the overhead tank was disconnected at the original inlet valve and
reconnected to the outlet valve. The same procedure was adopted for the new

direction of flow.
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CHAPTER V
RESULTS

The distribution of manameter taps for the model with the rounded
corner is shown in Fig. 8. Tables 1 and 2 show the manameter readings
for the two directions of flow for this model. The distribution of
mancmeter taps for the model with the sharp corner is shown in Fig. 9, and
Tables 3 and 4 give the manometer readings for the two directions of flow.
Table 5 shows the Reynolds numbers at the narrowest end reservoirs in the
two models for the different experimental runs.

Bquipotential lines were found by interpolating linearly between
the measured values of piezametric head. The distributions of experimental
equipotential lines thus obtained were campared with the theoretical equi-
potential lines obtained from the electrical anology. These camparisons
are shown in Figs. 10 and 11 for the flow past a rounded corner and in
Figs. 12 and 13 for the flow past a sharp corner. The camparison of the
distribution of equipotential lines for flow past a sharp and rounded corner
is shown in Figs. 14 and 15. The variation of the experimental and
theoretical Reynolds numbers along the sides of the model with a rounded

corner is shown in Fig. 16.
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TABLE I
FLOW PAST A ROUNDED CORNER

Flow from c1 to c2

Flow Rate = 9.5 cc/sec.
(= 0.58 cu.in/sec.)

Manameter | Head |Mancmeter | Head | Manameter | Head | Mancmeter| Head
in. No. in. No. in. No. in,
14.50 21 11.84 42 12.20 63 8.68
1 6.96 22 11.82 43 12.82 64 9.32
2 6.96 23 11.84 44 12.32 65 9,72
3 7.00 24 11.68 45 12.30 66 9.96
4 9.40 25 12.56 46 12.12 67 10.44
5 9.28 26 12.30 47 12.16 68 10.70
6 9.00 27 12.10 48 12.82 69 10.94
7 10.40 28 12.04 49 12.32 70 11.06
8 10.40 29 12.82 50 12.20 71 11.70
9 10.36 30 12.30 51 12.26 72 11.80
10 10.14 31 12.08 52 12.82 73 11.98
11 11.28 32 12.82 53 12.32 74 12.10
12 11.24 33 12.58 54 12.20 75 12.32
13 11.24 34 12.30 55 12.28 76 12.44
14 11.20 35 12.15 56 12.82 77 12.66
15 11.05 36 12.10 57 12.32 78 12.80
16 11.70 37 12.06 58 12.20 79 13.00
17 11.66 38 12.00 59 12.20 ) 2.40
18 12.74 39 11.98 60 5.88
19 11.92 40 12.82 61 6.90
20 11.90 41 12.32 62 8.06
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TABLE II

FLOW PAST A ROUNDED QORNER

Flow from 02 to c1

Flow Rate = 14.75 cc/sec.
(= 0.90 cu.in./sec.)

Mancmeter| Head | Manometer | Head | Mancmeter | Head Manometer Head
No. in. No. in. No. in. No. in.
! 4.00 21 10.44 42 8.54 63 16.25
1 18.60 22 10.52 43 5.76 64 15.42
2 18.54 23 11.12 44 7.02 65 14.72
3 18.54 24 11.38 45 8.50 66 13.98
4 15.40 25 7.08 46 8.88 67 13.60
5 15.38 26 8.00 47 9.10 68 12.80
6 15.24 27 8.82 48 5.76 69 12.65
7 13.66 28 9.40 49 6.90 70 11.74
8 13.66 29 6.08 50 7.92 71 11.10
9 13.68 30 7.80 51 8.40 72 10.24

10 13.82 3 9.04 52 5.68 73 9.52
1 12.12 32 5.96 53 6.82 74 8.66
12 12.14 33 6.90 54 7.70 75 8.10
13 12.25 34 7.70 55 8.14 76 7.46
14 12.40 35 8.46 56 5.60 77 6.80
15 12.50 36 8.82 57 6.74 78 6.16
16 11.04 37 9.30 58 7.54 79 5.58
17 11.44 38 9.52 59 8.24 <, 23.14
18 10.66 39 10.04 60 19.48

19 9.84 40 5.80 61 18.56

20 10.20 41 7.34 62 17.54
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TABLE III

FLOW PAST A SHARP CORNER

Flow fram c, to c,

Flow Rate = 6.95 cc/sec.
(= 0.42 cu.in./sec.)

Manameter | Head | Manaometer Head ‘Mancmeter Head Mancmeter Head
No. in. No. in. No. in. No. in.
¢ 16.60 21 15.00 42 16.04 63 7.70
1 7.70 22 14.98 43 10.02 64 8.38
2 7.66 23 14.96 44 15.96 65 8.95
3 7.58 24 14.26 45 15.90 66 9.57
4 9,55 25 15.32 46 15.90 67 10.53
5 9.50 26 15.42 47 15.82 68 10.84
6 9.45 27 15.42 48 15.85 69 11.36
7 11.44 28 15.23 49 16.04 70 12.33
8 11.40 29 15.36 50 16.00 71 12.81
9 11.36 30 15.96 51 15.96 72 13.20

10 12.90 31 15.80 52 15.92 73 14.30
11 12.90 32 15.66 53 16.16 74 14.63
12 12.90 33 15.78 54 16.08 75 16.23
13 12.88 34 16.05 55 16.00 76 16.26
14 12.34 35 16.02 56 16.08 77 16.27
15 14.10 36 15.94 57 16.16 78 16.28
16 14.10 37 15.90 58 16.12 79 16.34
17 14.20 38 15.90 59 16.18 80 16.36
18 14.22 39 15.80 60 16.08 81 16.40
19 14.75 40 15.76 61 16.08 €, 5,28
20 14.85 41 16.16 62 7.18
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TABLE IV

FION PAST A SHARP CORNER

Flow from c:2 to c1

Flow Rate = 6.45 cc/sec.
(= 0.39 cu.in./sec.)

Mancmeter | Head | Manameter | Head | Manometer| Head | Mancameter Head
No. in, No. in. No. in. No. in.
! 3.14 21 7.28 42 5.15 63 13.64
1 13.38 22 7.60 43 5.25 64 12.84
2 13.35 23 7.64 44 5.68 65 12.23
3 13.36 24 7.74 45 6.25 66 11.57
4 11.34 25 6.56 46 6.14 67 10.97
5 11.34 26 6.52 47 6.18 68 10.44
6 11.34 27 7.30 48 6.12 69 9.88
7 9.76 28 7.40 49 4.88 70 9.34
8 9.80 29 7.06 50 5.68 71 8.74
9 9.80 30 5.18 51 5.52 72 8.26
10 8.38 31 5.40 52 5.72 73 7.72
11 8.48 32 5.88 53 4.46 74 7.50
12 8.54 33 6.18 54 4,72 75 5.52
13 8.72 34 4.94 55 5.48 76 5.15
14 8.94 35 5.10 56 4.64 77 5.00
15 7.36 36 5.38 57 4.26 78 4.71
16 7.56 37 5.64 58 4.60 79 4.46
17 7.80 38 5.90 59 4.15 80 4.26
18 8.00 39 6.30 60 5.02 81 4,08
19 6.96 40 7.10 61 5.36 S 17.24
20 7.12 41 4.28 62 14,70
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CHAPTER VI

DISCUSSION AND CONCLUSIONS

The distribution of experimental equipotential lines for the
diverging flow past the rounded corner seem to agree fairly well with the
theoretical equipotential lines in Fig. 10. There is, however, relatively
poor agreement between the theoretical and experimental equipotential lines
for the converging flow in Fig. 11.

There is poorer agreement between the patterns of theoretical
and experimental equipotential lines for converging or diverging flows
past the sharp corner in Figs. 12 and 13. Again, however, this agreement
is relatively better for the diverging flow than for the converging one.
Thus, there is better agreement between the theory and experiment for flow
past a rounded corner than for the flow past a sharp corner, and the best
agreement in either case is obtained when the streamlines diverge.

The diverging flows appear to distribute the potential drops more
uniformly throughout the flow region, as shown in Fig. 14. However, the
converging flows tend to concentrate the potential drops in the narrowest
region of high velocities, as shown in Fig. 15.

The agreement between theoretical and experimental variation of
the Reynolds number, as shown in Fig. 16, is poor for either converging
or diverging flows. It should be noted, however, that neither the experi-
mental nor the theoretical Reynolds number exceeded unity anywhere in the
flow past the rounded corner. Hence, according to previous investigators,
Darcy's law should have been valid and agreement between theory and experi-
ment should have been better. This leads the writer to conclude that
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either (1) Darcy's law does not accurately describe seepage in regions where
streamlines diverge or converge rapidly or (2) some experimental error was
responsible for part of this discrepancy between theory and experiment. The
writer believes that the most likely source of experimental error was the
possible separation of the Plexiglas top fram the aquifer. Although pre-
cautions were taken during the construction stage, the possibility of sepa-
ration during the experiment cannot be ruled out.

The mterest.mg result that Darcy's law appears more nearly valid
when streamlines are diverging rather than converg:.m; is exactly opposite
to what has been found by many investigators in the potential flow theory
of classical fluid mechanics. If no porous medium was present in these
experiments, the Laplace equation would describe the converging flow much
more accurately than the diverging flow. This is largely because flow
separation is much more likely to occur when streamlines diverge. However,
it is difficult, if not impossible, to interpret the results of experiments
in flow through porous media in temms of classical irrotational flow theory.
This is chiefly because acceleration temms in the equations of motion are
so small campared to viscous resistance terms that they can be neglected for
most flow through porous media. On the other hand, acceleration temms in
classical irrotational fluid mechanics are so large compared to viscous
resistance temms that the latter temms are neglected. The writer does not
believe that flow separation could have occured in these experiments because,
by Darcy's law, this would have caused almost zero piezometric head gradien’.
in a region of separation downstream of the sharp corner, and such a region
was not observed.
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