University of Washington
Department of Civil and Environmental Engineering

OPERATIONAL COMPARISON OF
STOCHASTIC STREAMFLOW GENERATON
PROCEDURES

Stephen J. Burges
Dennis P. Lettenmaier

Seattle, Washington
98195



Department of Civil Engineering
University of Washington
Seattle, Washington 98195

OPERATIONAL COMPARISON OF STOCHASTIC STREAMFLOW
GENERATON PROCEDURES

Stephen J. Burges
Dennis P. Lettenmaier

Water Resources Series
Technical Report No. 45

November 1975




Charles W. Harris Hydraulics Laboratory

Department of Civil Engineering

University of Washington

Seattle, Washington 98195

OPERATIONAL COMPARISON OF STOCHASTIC

STREAMFLOW GENERATION PROCEDURES

by

Stephen J. Burges and Dennis P. Lettenmaier

Technical Report No. 45

Project Completion Report:

Project Period:

Principal Investigator:

OWRT Project Number:

OWRT Agreement Number:

November 1975

"Operational Comparison of Stochastic
Streamflow Generation Procedures'

January 1, 1975 to June 30, 1975

Stephen J. Burges, Associate Professor of
Civil Engineering, University of Washington
A~073-WASH

14-31-0001-5084/3034






TABLE OF CONTENTS

List of Tables

List of Figures

Acknowledgements

Chapter

1. INTRODUCTION

2. SYNTHETIC STREAMFLOW GENERATORS:

THEORETICAL RELATIONSHIPS

2.1

2.2

2.3

Markov Models
Fractional Gaussian Noise

Autoregressive Moving Average Models

3. THREE PARAMETER LOG NORMAL'TRANSFORMATIONS

3.1

3.2

3.3

3.4

Introduction

Lag-one Markov Models

Three Parameter Log Normal Transformation of Fast
Fractional Gaussian Noise

Three Parameter Log Normal Transformation of

ARMA (1,1) Models

4. OPERATIONAL COMPARISONS: FFGN AND MARKOV MODELS

4.1
4.2
4.3
4.4

4.5

Introduction

Use of Storage Distribution Diagrams
Numerical Results

Observations: Critical Periods

Summary

ii

PAGE

iv
vi

ix

14
20
20
21

23

26

30
30
31
34
47

65



TABLE OF CONTENTS (Cont'd)"

PAGE
5. OPERATIONAL COMPARISONS: ARMA and FFGN MODELS 67
5.1 Introduction 67
5.2 Computational Considerations 68
5.3 Comparison of Storage Distributions 71
5.4 Comparison of Critical Period Information 81
5.5 Summary 83
6. DISCUSSION AND CONCLUSIONS 90
6.1 Limitations of Results 90
6.2 Conclusions 91
6.3 Recommendations . 92
REFERENCES 94
APPENDIX A -~ VALUES OF HURST COEFFICIENT FOR USE IN APPROXIMATING 96
THREE PARAMETER LOG NORMALLY DISTRIBUTED SEQUENCES
OF FRACTIONAL GAUSSIAN NOISE
APPENDIX B - VALUES OF THE PARAMETERS OF AN ARMA(1,1) MODEL FOR 100

USE IN APPROXIMATING THREE PARAMETER LOG NORMALLY
DISTRIBUTED ARMA(1l,1) SEQUENCES

iid



TABLE

2.2

3.3a

3.3b

3.4

LIST OF TABLES

Comparison of Lag Correlation Coefficients for FGN and
Markov Models

Values of H and p for 9 and ¢

Comparisoh of Methods for Generating Log Normal Lag-One
Markov Sequences for Py = 0.2, oy = 0.3

Comparison of Methods for Generating Log Normal Lag-One
Markov Sequences for Py = 0.2, Oy = 0.6

Comparison of Transformation and Generation Errors for
c = 0.3
y

Comparison of Transformation and Generation Errors for
g =0.6
y

10,000 Times the Error of Approximation in the Auto-

correlation Function of a Three Parameter Log Normally
Distributed ARMA(1l,1) Sequence Obtained Through Trans-
formation of a Normally Distributed ARMA(1l,1) Sequence

Summary of Theoretical Extreme Value Type I Probability
Distributions Describing Storage Needs (FFGN and Lag-One
Markov Generation)

Summary Statistics from 1000 Traces for the Length of the
Most Severe Critical Period per 40 Year Long Trace for
FFGN and Markov Models

Summary Statistics from 1000 Traces for Reservoir Refill
Time Following the Most Severe Critical Period per 40
Year Long Trace for FFGN and Markov Models

Summary Statistics from 1000 Traces for the Length of the
Longest Critical Period per 40 Year Long Trace for FFGN
and Markov Models

Summary Statistics from 1000 Traces for Reservoir Refill
Time Following the Longest Critical Period per 40 Year
Long Trace for FFGN and Markov Models

Summary Statistics from 1000 Traces for the Number of
Critical Periods per 40 Year Long Trace for FFGN and
Markov Models

Summary Statistics from 1000 Traces for the Length of the

Most Severe Critical Period per 40 Year Long Trace for
ARMA and FFGN Models

iv

PAGE

11

18

22

23

25

25

29

38

59

60

62

63

64

34



TABLE

5.3

5.4

5.5

B.la
B.1b
B.2a

B.2b

LIST OF TABLES (CONT.)

Summary Statistics from 1000 Traces for Reservoir
Refill Time Following the Most Severe Critical Period
per 40 Year Long Trace for ARMA and FFGN Models

Summary Statistics from 1000 Traces for the Length of the
Longest Critical Period per 40 Year Long Trace for ARMA
and FFGN Models

Summary Statistics from 1000 Traces for Reservoir Refill
Time Following the Longest Critical Period per 40 Year
Long Trace for ARMA and FFGN Models

Summary Statistics from 1000 Traces for the Number of
Critical Periods per 40 Year Long Trace for ARMA and
FFGN Models

Values of H for Use in Three Parameter Log Normal
Generation of FGN Sequences

Values of ¢y for Given ¢x’ 9x, Oy

Values of 6 for Given ¢ , 6_, ©
y X X y

Values of Gy for Given ¢x’ 8, Oy (fine scale)

Values of 8 for Given ¢ , 6 , 0. (fine scale)
M X X y

PAGE

85

86

87

88

97

101

104

107

110



FIGURE

2.

2.

1

2

.10

LIST OF FIGURES

Cumulative Range of Departures

Feasible Combinations of p and H for FFGN, Sequence Length =
50, Q =6

Values of p and H for Specified 6 for ARMA(1,1) Models; Data
from O'Connell (1974)

Upper Limit of Feasible Parameter Range for Approximating
a Three Parameter Log Normally Distributed ARMA(1l,1) Sequence

Hypothetical Storage Distributions Resulting from a
Particular Flow Generator, Specific Operating Life and
Four Demand Patterns

Empirical and Theoretical Extreme Value Type I Storage
Probability Distributions

Empirical and Theoretical Extreme Value Type I Storage
Probability Distributions Showing Regions of Disagreement

Comparison of Flow Generation Models: Set No 1,
Theoretical Storage Probability Distributions; Demand/Mean
Flow = .9

Comparison of Flow Generation Models: Set No 1,
Theoretical Storage Probability Distributions; Demand/Mean
Flow = 0.7

Comparison of Flow Generation Models: Set No 1,
Theoretical Storage Probability Distributions; Demand/Mean
Flow = 0.5

Comparison of Flow Generation Models: Set No 2,
Theoretical Storage Probability Distributions; Demand /Mean
Flow = 0.9

Comparison of Flow Ceneration Models: Set No 2,
Theoretical Storage Probability Distributions; Demand/Mean
Flow = 0.7

Comparison of Flow Generation Models: Set No 2,
Theoretical Storage Probability Distributions; Demand/Mean
Flow = 0.5 '

Comparison of Flow Generation Models: Set No 3,

Theoretical Storage Probability Distributions; Demand/Mean
Flow = 0.9

vi

PAGE

13

17

28

32

35

36

39

40

41

44

45

46

48



FIGURE

4.11

4,12

4,13

4.14

4.15

4.16

4.17a

4.178

5.1

5.2

5.3

5.4

5.5

5.6

5.7

5.8

LIST OF FIGURES (CONT.)

Comparison of Flow Generation Models: Set No 3,
Theoretical Storage Probability Distributions; Demand/Mean
Flow = 0.7

Comparison of Flow Generation Models: Set No 3,
Theoretical Storage Probability Distributions; Demand/Mean
Flow = 0.5

Theoretical Storage Probability Distributions; Demand/Mean
Flow = 0.9

Frequency Diagram of the Number of Critical Periods per 40
Year Flow Trace; Demand/Mean Flow = 0.9

Frequency Diagram of the Number of Critical Periods per 40
Year Flow Trace; Demand/Mean Flow = 0.5

Frequency Diagram of the Length of the Most Severe Critical
Period per 40 Year Trace; Demand/Mean Flow = 0.9

Frequency Diagram of the Length of the Most Severe Critical
Period per 40 Year Trace; Demand/Mean Flow = 0.5

Frequency Diagram of the Length of the Most Severe Critical
Period per 40 Year Trace; Demand/Mean Flow = 0.5

Storage Probability Relationships for ARMA and FFGN
Sequences: CV = 0.25, p = 0.2, G=0, H=0.7, N =40

Storage Probability Relationships for ARMA and FFGN
Sequences: CV = 0.25, p = 0.45, G =0, H=0.85, N = 40

Storage Probability Relationships for ARMA and FFGN
Sequences: CV = 0.5, G =0, H= 0.65, p = 0.15 (FFGN),
o = 0.10 (ARMA), N = 40

Storage Probability Relationships for ARMA and FFGN
Sequences: CV = 0.5, p=0.2, G=0, H=0.7, N =40

Storage Probability Relationships for ARMA and FFGN
Sequences: CV = 0.5, p=0.2, G =1.0, H=0.7, N =40

Storage Probability Relationships for ARMA and FFGN
Sequences: CV = 0.5, p =0.2, G = 2.0, H=0.7, N =40

Storage Probability Relationships for ARMA and FFGN
Sequences: CV = 0.5, p = 0.4, G =0, H=0.75, N = 40

Storage Probability Relationships for ARMA and FFGN
Sequences: CV = 0.5, p = 0.4, G=0, H= 0.8, N =40

vii

PAGE

49

50

51

52

53

55

56

57

72

73

74

75

76

77

78

79



FIGURE

5.9

LIST OF FIGURES (CONT.)

Storage Probability Relationships for ARMA and FFGN
Sequences: CV = 0.5, p = 0.45, G = 0, H=0.85, N =40

viii

PAGE

80



" Acknowledgements

The authors wish to thank J. R. Slack and M. Moss (USGS-Reston) for
their timely advice at the beginning of this investigation. The expedious
delivery of recent Ph.D. theses from P. E. 0'Connell and U. Jettmar helped
the direction of the research effort. The good humor and cooperation of
the staff of the University of Washington Computer Center contributed to
the authors' efforts at crucial times. The cheerful cooperation of the
secretaries in the Water and Air Resources Division, Department of Civil
Engineering is appreciated; Mrs. Leslie Caldwell typed the manuscript.

The research was supported by a grant from the Office of Water
Research and Technology administered by the State of Washington Water

Research Center.

ix



ABSTRACT

Operational comparisons are presented using the sequent Peak Algorithm
to estimate probability storage distributions resulting from use of short and
long memory synthetic annual streamflow generators at a single site. The
short memory model used was the Lag one Markov process, while a Fast
Fractional Gaussian Noise (FFGN) generator was used to generate self-similar
(long memory) sequences. In addition, a simpler model of long term effects,
the ARMA(1,1) process, was compared to the FFGN generator. In all cases, 1000
sequences each of length 40 were used to generate the empirical probability
storage distributions, which were approximated using an Extreme Value Type I
distribution. Skewed marginal distributions were modelled using a three para-
meter log normal distribution. The model parameters (taken as population
values) which were investigated were coefficient of variation, lag one corre-
lation coefficient, skew coefficient, and (for self-similar models) Hurst co-
efficient. For each trace, the storages required to satisfy constant annual
demand to mean annual flow ratios of 0.5, 0.7, and 0.9 were derived.

The results showed that modelling of the Hurst effect alone is insuffi-
cient to gaurantee accurate results. Even at relatively large H values,
correct modelling of the lag one correlation coefficient was found to be quite
important. In addition, skew coefficient was found to have an important effect
on required storage; positively skewed traces had the effect of reducing stor-
age requirements by cutting short critical periods which otherwise would give
rise to large storage requirements. In all cases, storage requirements were
found to be extremely sensitive to the magnitude of the coefficient of varia-
tion.

The comparisons of ARMA and FFGN traces showed that for a 40 yr. life,
the ARMA process closely reproduced the storage distributions derived using
the FFGN generator when H was less than about 0.8. For larger values of H,
the ARMA sequences gave rise to higher storage requirements, apparently be-
cause the correlation functions of the ARMA and FFGN processes begin to diverge

for moderate lags at high H values.






1. INTRODUCTION

The principal purpose of this investigation was to operationally compare
several different streamflow generation models that have been suggested for use
in water resource system analysis. The streamflow generation models most
commonly used at present are of the short memory (Markov) type; models which
exhibit longer termpersistence features (Hurst effect) are well understood but
have not extensively been used in resource evaluation. This latter type of
model is usually more expensive to operate than the simpler autoregressive
models;hence it is of interest to find under what conditions of model usage
one type of model is preferable to the other. The key issues to be addressed
in the comparisons are sensitivity of the models to the levels of the various
model parameters and to the associated parameter uncertainty.

Numerous comparative tests could be derived. One such test which incor-
porates the issues of flow generation, model parameters,and system demands in-
volves use of the different types of models to determine the storage capacity
of a surface water reservoir that would be needed to fully satisfy a particular
water use (demand) pattern. In this work the storage distribution determined
using the Thomas-Fiering ''sequent peak algorithm'" (Fiering,1967) was used to
compare different flow generating mechanisms. This procedure was used because
it was desired to examine the physical coupling between flow generation and
demand sequences. Use of synthetically generated flows in an economic com-
parison would not have conveniently facilitated comparison of the respective
models in terms of their parameters and use.

The required storage, S, computed via the sequent peak algorithm (SPA) or

any other algorithm will generally be a function of several parameters, i.e.

S = S(ux, o> GX, T, STP, LTP, D, SC) (1.1)
where

Ux = mean flow

o_ = flow standard deviation
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[~»]
[l

flow marginél distribution skew coefficient

[or]
I

facility operating life

STP = measures of short term persistence

LTP = measures of long term persistence
D = demand pattern
SC = supply criterion

Equation 1.1 is completely general. For large demands, usually in excess of 50%
of the mean annual flow, the problem is one of over-year storage. In this
case a model which generates annual flow volumes suffices for the analysis.
For smaller demands (and small annual variability in flows) storage is pre-
dominantly needed for within-year flow smoothing. In these instances seasonal
flows, typically monthly, are needed for analysis. This latter case is not
examined directly in the current report; attention is directed to the over-
year storage problem.

Some justification is needed for use of the SPA for comparing the opera-
tional characteristics of different flow generation models. In any water re-
source system application, economic benefits result from economic demand for
water; losses result from shortages or excesses (floods). On an annual time
scale none of the models tested can be adequately evaluated for losses due to
flooding. However, they can be readily examined for losses resulting from
periods when flow is below some specific threshold level of demand. Thus,
it is possible to examine the general properties of generated flows by com-
paring the number of''below threshold flow periods" (critical periods) for
specified operating lives as well as the severity (integrated duration and
deficit) for each critical period during the comparison life. The SPA com-
putes the storage that would be needed to just supply the deficit for the
most severe critical period in a particular operating time span. Thus, it

provides a very convenient way to physically compare coupled flow-demand
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sequences over a specified operation time span where the flows can be generated

by different mechanisms.

While the literature covering the problem of determining the needed capa-
city of a reservoir is extensive much less has been done on issues related to
model comparisons. Fiering (1967) examined short-term persistence via the SPA.
He examined the features of some multiple-lag flow generation models but did
not specifically compare them operationally. Burges (1970) and Burges and
Linsley (1971) showed that the probability distribution of storage resulting
from the SPA and a large number of possible short-term persistence inflow
scenarios (each scenario having the same life and facing identical demand
patterns) followed the Extreme Value Type I probability distribution (Gumbel,
1958). This result is useful for comparing storage distributions resulting
from different generating mechanisms given that demand patterns are identical.

Wallis and Matalas (1972) compared reservoir requirements using the SPA
for flows generated by Lag-one Markov models (short-term persistence) and by
Fractional Gaussian Noise (FGN). Operation lives up to 100 years were con-
sidered; the average storage for each model for various demands, Hurst coeffi-
cients and lag-one correlations were reported. They did not, however, report
on differences in storages that would be encountered at typical reservoir re-
liability levels. Practical interest is usually focussed on facilities that
would satisfy planned demand with reliabilities exceeding something in the
vicinity of 90%.

0'Connell (1974) extended the Wallis & Matalas comparison by essentially
repeating their experiments substituting an ARMA (1,1) model for the FGN
model. His work was principally directed toward finding an economical sub-
stitute model for FGN. The results showed that the ARMA(1,1) model behaved
much. the same as FGN when mean reservoir storage requirements at high levels
of development were compared to those derived using a Lag one Markov model.

An operational comparison using economic measures for a multiple purpose
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single reservoir was underfaken by Jettmar (1974). While his results showed
differences in the computed economic returns, it is difficult to determine
what cause and effect relationships gave rise to the differences. This work was
plagued with the problem of sample estimates for generator parameters and
limited to an inherently poor fit in the lag-one correlation coefficient result-
ing from the form of the fast fractionél Gaussian Noise (FFGN) model
(Mandelbrot, 1971) that was available,

In this report issues of sample estimates of model parameters were com-
pletely bypassed. In all comparisons population parameters were used to faci-
litate identification of model-demand couplings. Three specific models ARMA
(1,1) (Box and Jenkins,1970), Lag-one Markov, and FFGN (Mandelbrot,

1971) were used. Work reported in the literature covering these models was
extended to permit their use in the more generalized domain of three parameter
log-normal marginal distributions. Annual flow model parameters examined were:
mean, standard deviation, skew coefficient, lag-one correlation coefficient and
the Hurst coefficient. Operation life was held fixed at 40 years. Model com-
parisons were made via distributions of storage needed to satisfy specified
demands, the number of critical periods per trace, and the "drawdown' time for
the most severe critical .period per trace.

In all cases the storage distributions were determined via Monte Carlo
generation. This was necessary because with long-term persistence models we
anticipated that there may be insufficient critical periods per trace to satis-
fy the requirements of the extreme value type distribution (see Gumbel, 19538).
Furthermore, at this point in time there is not a closed form solution for the
theoretical storage distribution corresponding to fixed operating life, fixed
demand, model type and model parameters.

It should be carefully noted that all of the models used are kinematic;

they describe certain properties of observed time series. Attempts to



investigate dynamic effects which cause time series to exhibit certain be-
havior are in their infancy. Klemes (1974) attempted to explain some of the
observed long-term persistence effects in runoff records. Jackson (1975)
categorizes models as prescriptive or descriptive. Klemes sought arguments
to support different descriptive models. The work reported herein deals only
with comparison of models which may be either prescriptive or descriptive,
depending upon their intended use. This work cannot identify the "best"
model for use in water resource time series modelling.

Chapter 2 covers details of the three different models. Chapter 3 exa-
mines transformations useful for extending the models to skewed marginal dis-
tribution. Chapter 4 reports on comparisons between FFGN and Lag-one Markov
Models. Chapter 5 compares ARMA and FFGN models. The appendices contain model
parameter transformations necessary for generating FFGN (Appendix A) and

ARMA(1,1) (Appendix B) series in a log normal domain.






2. SYNTHETIC STREAMFLOW GENERATORS: THEORETICAL RELATIONSHIPS

Three synthetic flow generators were compared in this study. The sim-
plest, and most frequently used, is the Markov model. A more sophisticated
model, an approximation to the discrete fractional Gaussian noise model of
Mandelbrot and Wallis (1969) was also compared. A simpler autoregressive
moving average (ARMA) model which is claimed to have properties similar to
fractional Gaussian noise (FGN) (0'Connell, 1974) was also compared. The

mathematical forms and some properties of each of the models are given below.

2.1. Markov Models

The general Markov model has the form (following the notation of Box and

Jenkins, 1970)

X, = ¢1(Xt_1-u) + ¢2(Xt_2—u) + .

¢m(Xt_m—u) + 1 + €, (2.1)

where m is the order of the process, U is the process mean, and €_ is an inde-

pendent process with mean zero and variance

Var(e) = (1—pl¢l—p2¢2 - . .. pm¢m)Var(X) (2.2)

and where P is the process lag k correlation coefficient,

E {(Xt-u) (Xt_k-u)}

P = Var (X) (2.3)
The Yule-Walker equations (Box and Jenkins, 1970) relate the p's and ¢'s,
) pl_7 E 1 pm——; E 11
Py S| Pm-2 %
) - ) ) (2.4)
me— _valpm—Z . 1 A _?m_




The most commonly used autoregressive (Markov) model is the lag-one

model, for which

Xt -u = ¢1(Xt_l—u) + €, (2.5)
PL =9 (2.6)
and Var(e) = (l—¢i)Var(X) (2.7)

For use in generation, eq. 2.5 becomes
2. %

X, ~u =X _mw) o+ (1-97)* on, (2.8)
where oi is the desired process variance and up is an independently generated
random variate of mean zero and variance one from any desired probability
distribution.

The autocorrelation function of the lag-one autoregressive process is

given by

_ k

Hence, the autocorrelations decay exponentially, and, especially for annual
streamflows where pl = 0.2, the correlation beyond a small number of lags is
essentially zero, for instance, if Py = 0.2, P10 = 10_7
One final theoretical property of the autoregressive model of lag m is
that all the information from the past carried forward in the present flow
value is assumed to be contained in the m most recent flow values, for instance,
for a Lag-one Markov model of annual flows the present year's flow is assumed
to depend only on the past year's flow, and not on any of the previous flow
values. There appears to be some physical basis for this assumption, since
persistence in annual flows is mostly a result of carry-over effects in sub-
surface storage which do not extend significantly beyond one year. Fiering

(1967) gives plausible explanations for longer term carry-over effects.

Klemes (1974) discusses in depth physical factors that can give rise to apparent



carry-over effects at different lags.

2.2, Fractional Gaussian Noise

Prerequisite to an explanation of Fractional Gaussian Noise (FGN) is an
understanding of the Hurst phenomenon. Let {X} be the sequence of flows
Xl, X

92 . Xn. Now consider the cumulative sum of flows,

If this cumulative sum is normalized at each time k by subtracting the average
cumulative inflow over the record length, n, the normalized cumulative flow is

n

_ 2.10
Xi k/nigl Xi ( )

o
i
s

i=l

which represents, for an infinite reservoir with uniform withdrawal Cn/n the
excess or deficiency relative to the initial storage level at each time k. If
the maximum and minimum deviations are specified as D = max(D,) and D ., =
max k =k min
min(Dk), the range for the record length n may be defined as Rn =D - D
k

max min’

The cumulative sum and range are shown graphically in Figure 2.1.

|
|
c I
3 k :
—t
P |
[J]
> [
u,—q '
-
< I
—
g |
g Dmax
&) |
D
k R :
/\ /\\\

\\\_41____J£\\ﬂ\“/) n Time, k

Figure 2.1. Cumulative Range of Departures
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The basis for Fractional Gaussian Noise lies in an extensive study re-
ported by Hurst (Hurst, 1951; 1956; Hurst, et.al., 1965) in which a large
number of geophysical time series were investigated for the cumulative range
of departures. Hurst found that a rescaled range could be defined as
R: = Rn/sn’ with Sn the standard deviation of the time series of length n,
and that the rescaled range was dependént only on a single parameter H as

*
R o ol (2.11)

Using a simple coin tossing model, Hurst also showed that for a normal inde-
pendent process, E(R:) = l.25n'5, a result shown (independently) to hold with-
out the assumption of normality by Feller (1951). The experimental results
from Hurst's work showed, for about 900 annual geophysical time series, that
the Hurst coefficient H had an average value of about 0.73 with a standard de-
viation of 0.09.

Mandelbrot and Wallis (1969) point out that the classically used Markov
models, regardless of the size of the parameters and the number of lags used,
lie within the Brownian domain of attraction for which assymptomatically
H = 0.5. They have presented an alternate model, Fractional Gaussian Noise,
which preserves the Hurst effect. The details of this model have been reported
and discussed extensively elsewhere (Mandelbrot and Wallis, 1969; O'Connell,
1974; Klemes, 1974) and will not be repeated here, except to point out that
FGN is (formally) the derivative of a smoothed Fractional Brownian motion pro-

cess,
-1
ngn(t,H)==6 (BH(t+6) - BH(t)) (2.12)

where

-1 t+8
By (t,8) = & [ B (v)dv (2.13)
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and ¢
Bu(ty) - By(e)) = (H + 5)7* {f 2(t2—u) (H =5 45 (u)
& (H - .5)
- ] T(emw "27dB(u) } (2.14)

The process B(u) is a Brownian motion process,
B(u) = ffmGn(s)ds (2.15)

with Gu(s) an independent Gaussian white noise process, hence dB(u) is an inde-
pendent Gaussian white noise process. Consequently, the difference between an
FGN process and a Gaussian white noise process is that the white noise process
may be represented as an increment of a Brownian motion process while FGN is rep-
resented as an increment of a Fractional Brownian motion process. The effect of
persistence (correlation structure) on the analysis is not immediately clear,
o

however, for a Markov process, or any process with jélpj<°°, i.e., for the sum of
the correlation function (or alternatively for the spectral density at zero
frequency) finite, the process is essentially Brownian and has H = 0.5.

Perhaps a more straightforward explanation of FGN results when the process

is considered as being defined by its autocorrelation function. For an FGN se-

quence of mean zero and variance one, this autocorrelation function is

Cls,H) = 1/2((s+1) 2 = 2()?! + (s-1) %) (2.16)
where § is the lag. The correlation function is uniquely defined by the
Hurst coefficient, H, a property which has important implications discussed be-
low. For the present, however, consider an FGN sequence with H = .7 and a lag-
one Markov sequence with the same lag-one correlation. The correlation coeffi-

cients at several lags are given in Table 2.1.
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Table 2.1. Coﬁparison of Lag Correlation Coefficients for
FGN and Markov Models

Lag FGN Markov
1 .319 .319
.189 .102
4 .122 .010
7 .087 3.3 x 10°°
10 .070 1.1 x 107°
20 .046 1.23 x 10719
40 .031 1.51 x 10720
70 .022 2.06 x 107>
100 .018 2.79 x 107°°

The FGN sequence has small (but not negligible) correlation at large lags,
whereas beyond a few lags the Markov sequence has essentially zero correlation.

It is this long term, or low frequency, persistence which is preserved by the

Fractional noise model.

2.2.1. Discrete Approximations:

In practice, sequences of FGN must be generated on a digital computer,
hence the integration limits in eq. 2.14 must be replaced by finite upper and
lower cutoff points, and the integrals replaced by summations. Two early dis-
crete approximations to FGN were proposed by Mandelbrot and Wallis (1969).
These approximations were generally quite expensive computationally, and, in
the case of the Type II approximation, give spurious results except when H is
near one, a condition not often of practical interest. To overcome these
limitations, Mandelbrot (1971) proposed a Fast Fractional Gaussian Noise
(FFGN) generator. In this approach, a process is generated which has a
correlation function approximately described by eq. 2.16 rather than attempt-
ing a discrete approximation to the theoretical definition of the process
(egs. 2.12-2.14). Details are provided by Mandelbrot (1971), however, briefly,

FFGN consists of a high and a low frequency term, where the low frequency term
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is chosen to approximate the correlation structure between specified high and
low frequency cutoff points, and the high frequency term is chosen to make up
the deficiency in components of the correlation function above the high fre-
quency cutoff point. The cutoff points are determined by two convenience para-
meters, the base B and quality factor, Q, along with the desired length of time
series T. The low frequency cutoff is chosen to be beyond 1/T, the minimum
frequency characteristic of the time series, while the high frequency cutoff is
determined by the base B. Low frequency effects are provided by a term which is
itself the weighted sum of several lag-one Markov sequences, while the high fre-
quency deficiency is made up by a single lag-one Markov process. Although this
discrete approximation is (being the sum of several Markov sequences) itself
within the Brownian domain, over the finite length T of the desired time series

the approximation is quitegood for H < .85,

The low frequency term in FFGN is specified by the choice of B and Q,
values of which are suggested by Mandlebrot. The values used in this study
are in the recommended range, e.g., B = 3, Q = 6. The high frequency term,
however, may be chosen arbitrarily to result in any desired lag-one correlation
coefficient (within bounds derived below) as follows:

note that for a zero mean unit variance FFGN sequence,

2 s

- C(s,H) = CovL(s,H) + thh

(2.17)

where Py is the high frequency lag-one correlation coefficient, and Oi is the
high frequency variance (uniquely determined by B, Q, H, and T). Given a de-

sired value of the population lag-one correlation coefficient, and noting that

for a process of variance one p(s,H) = C(s,H),

p(]-’H) - COVL(19H)

5 =Py (2.18)
Cc
h
where, for o_<_phi_l_
Cov, (1,H)< p(1,H) < Cov, (1,H) + ofl (2.19)
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This feasible range is plotted in Figure 2.2. The two bounds plotted corres-
pond to different values of the base, B, which is seen to have only a relatively
small effect on the feasible region. The time series length, T and the quality
factor,Q were found to have even less effect on the width of the feasible re-
gion. The solid line in Figure 2.2 corresponds to theoretical FGN (eq. 2.16),
and 1s approximately the nominal lag-one correlation coefficient provided by FFGN.
It may be seen in Figure 2.2 that, assuming a high frequency term consist-
ing of a lag-one Markov series with positive lag-one correlation, it is impos-
sible to generate FFGN sequences with high H (e.g., H Vv .85) and even moderate
lag-one correlation (e.g. p v 0.2) as often are observed in practice. It
should be noted that this high frequency term has essentially no effect on pre-
servation of the Hurst phenomenon, which depends on low frequency behavior,
even though adjustment of the high frequency term results in deviation of the
correlation function from that defined by eq. 2.16 for low lags. The concern
is, then, purely a practical one, as lag-one correlation coefficients of
greater than about 0.35 are rarely observed in annual flow series. One possible
approach might be sampling from the spectrum (Mejia and Rodriguez, 1974b) ,however,
this approach is not, at present, computationally economic. In this study we
have taken only population lag-one correlation coefficients lying in the region
given by Figure 2.2 for B = 3, however, the constraint on p should be recognized

as a limitation of FFGN in operational studies.

2.3. Autoregressive Moving Average Models

0'Connell (1971;1974) has proposed the use of autoregressive moving average
models to syntheéize stochastic streamflow sequences. O'Connell shows that the
Hurst effgct may be preserved for finite length time series using ARMA models,
and claims several advantages for the ARMA models over FFGN, principally compu-
tational savings.

The general ARMA model of order (p,q) is defined as (for a zero mean
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process)
(1-6.B-¢.B>- ... BP)X. = (1 - 0.B - 0,B> - o Blye (2.20)
1 ) SR . 1 ) cee B . .
where
k
BX, =X

and et is a white noise process of mean zero.
InO'Connell's work ARMA (1,1) processes were found to give results about
as good as the higher order ARMA processes he tested. In this work only ARMA

(1,1) processes are investigated. The ARMA (1,1) model is

(1-¢,B)X_ = (1 - 8,B)e_ (2.21)
Rewriting the process in terms of the noise component, and taking ¢ = ¢l, 0= Ol

X, = (L-0R)(1- ¢B)'1et
=L+ G- 0B+ 06 - 0)BZ + ... ¢ 1o - G)Bk+...)€t (2.22)

Hence, noting that Var(BkEt) = Var(et) by virtue of the independence of et,

[oe]

Var(X) = 1 + (¢ - 6)° k§1¢2k Var(e) = (1 - 62711 - 266 + 8%)var(e) (2.23)

For generating synthetic flows, eq. 2.21 is rewritten

Xt =u+ ¢ (Xt_l—u) + € O €ec1 (2.24)

where € is an independent process with mean zero and variance

1

Var(e) = (1 - ¢2)(1 - 266 + 6%) tvar(x) (2.25)

where Var(X) is the desired process variance and U is the desired process
mean.

The correlation structure of the ARMA (1,1) model may be easily derived
from eq. 2.21, and is

2 _ 40yt

pp = (L - ¢M@ -0 +0
p, = o7l (322) (2.26)

This correlation structure allows the first two correlation coefficients to be
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"fitted", rather than only the first as in the Lag one Markov model.

Nevertheless, the model is clearly within the Brownian domain of attraction as

18
©
]

= S 5
1P p (1 + j§l¢ )

p L+ (-9 ™1 (2.27)

which is clearly finite so long as ¢ # 1. However, for a finite length time
series it is possible to select ¢ very nearly equal to one to retain low fre-
quency persistence, while choosing 6 to match high frequency behavior. An
extensive analysis of the use of ARMA (1,1) models to model low frequency
characteristics of streamflows is given in O'Connell (1974). The principle
difficulty in using the ARMA (1,1) model is that the Hurst coefficient, H, is
not included explicitly but must be estimated from Monte Carlo experiments.
Unfortunately, both the frequently used estimates of H are biased (Wallis and
Matalas, 1970), even for relatively large n. Consequently, there is no popu-
lation value of H for the ARMA (1,1) process.O'Connell found that the esti-
mated values of H from ARMA (1,1) processes tended first to rise with increas-
ing sequence length (for H> .7) then to fall, the rise corresponding to a re-
ducting in bias and the drop due to a return to the influence of the basic
Brownian nature of the ARMA (1,1) process. Estimated long sequence length
values of H corresponding roughly to the maximum value of H with n for ¢ and
® fixed are given byO'Connell and are used here as pseudo-population statistics.

Using the values of ﬁ.given by 0'Connell, the feasible region of H and
p is plotted in Figure 2.3. Figure 2.3 is essentially a graphical display of
the information given in Table 3.1 of 0'Connell (1974) which is reproduced be-
low as Table 2.2 for convenience. A family of curves results because several
combinations of ¢ and 6 will yield the same H. Figure 2.3 must be used with
Table 2.2 as each curve is parameterized by ¢ , given in Table 2.2.

Figure 2.3 shows that the feasible region for the ARMA (1,1) model in-

cludes lower values of p for moderate to high values of H than does the similar
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Note: Corresponding values of ¢ are given in Table 2.2.

Figure 2.3. Values of p and H for Specified 6 for ARMA(1,1) Models; Data From
0'Connell(1974).
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- a
Table 2.2. Values of H and p for € and ¢ .

? 99 | .98 | .9 .95 .90 | .85 .80

o - .05 e, <111 .051 .026 .000 | -.038 | -.076 | -.09k4
: «737 «676 <634 .576 - 490 439 403

5 - .90 P, «350 205 | 139 | .073 | .000 | -.042 | -.076
H | <839 | 781 | 737 | 673 | 576 | 515 | 472

o - .85 f, «562 384 .287 <179 <061 <000 | -.Olk
B .892 -840 .800 «738 639 <576 .529

o - .80 P, <706 sS40 | W33 | .300 | .140 | .057 | 000
B | w920 875 839 | .782 .687 623 | 576

o4 .797 659 558 418 .229 .126 .055

P 8 .930 | .897 | .84 | .812 | .723 | 661 | .61
0, «856 <745 657 .523 <322 «203 .119

° = ) <947 <911 881 .833 +750 .690 <645
P, «895 .807 «732 612 411 .282 .188

P9 B «953 .920 .892 848 «770 o7k 670
P, <921 851 .789 | .68k 493 | 2360 260

=0 3 <956 «926 - 900 .858 .785 «732 <691
, A «939 .883 .832 o7h2 <566 435 <331
P B | .950 | .929 | .oou | .86 | 797 | w7 | w707
' 2 <952 «907 .864 .788 629 «503 <400

Po= 0 B «960 .932 .908 871 .806 759 .721

Each value of H is the mean of ten values of H, each derived as the slope
of a least squares line fitted to the mean values of Rn/Sn for values of
nss 1000 given in figure (3.12). The total sample size in all cases
was 9000.

aReproduced directly from Table 3.1 in O'Connell (1974)
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plot (Figure 2.2) for FFGN. Unfortunately, it is not known what influences
the bias in H has on these estimates. A more detailed assessment of this pro-

blem must await the Monte Carlo results of Chapter 5.



3. THREE PARAMETER LOG NORMAL TRANSFORMATIONS

3.1 Introduction

The three parameter log normal probability distribution was used through-
out this report to generate sequences with marginal distributions having non-

zero skew. The basic form of the distribution is

X, =a+ exp(Yt) with a the so-called "third parameter"

where®
Y VNC uy,0y)
and
My = £,(u50.5 G)
oy = fz(px,ox, Gx)
a = f3(ux,ox, Gx) (3.1)

with UX, OX, and GX the mean, standard deviation, and skew of the desired mar-
ginal distribution. The functional forms of fl, f2, and f3 are given in Burges,
et.al. (1975) and are not repeated here.

The principal advantages of the three parameter log normal distribution are
that it can preserve the first three central moments (mean, standard deviation,
and skew coefficient) of any distribution and that it is generated from a se-
quence {Y} with a normal marginal distribution. This second property is very
helpful in deriving sequences with skewed marginal distributions. The primary
difficulty with the three parameter log normal distribution is that some com-
binations of Mo Oy and GX (namely those that resultixxa’hpx ) give substantial
fractions of negative values, which is undesirable in synthetic flow generation.
Bates, et. al. (1974) give the percentage of negative values generated for each
parameter combination. This information was used to aid in selecting physically

reasonable test cases.

a ,
The notation N(-
deviation o.

u,0) denotes a normal distribution with mean M and standard
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3.2 Lag-one Markov Models

Mejia and Rodriguez (1974a) show that an earlier result for the transfor-
mation of the lag-one correlation coefficient of a lag-one Markov model through
a three parameter log normal transformation (Matalas, 1967) holds for any
correlation function at any lag, T i.e.,

py(T) = In(1 + px(T) (eXp(c)z,) - 1)) 0;2 (3.2)

The form of the transformation is particularly simple as the only transform
parameter is Gy, the standard deviation of the process in the log transform
(normal) domain. In practice for paramete; combinations of interest Oy lies in
the range Ofgyfi.

If {Y} is modelled as a lag-one Markov sequence with py = py(l) chosen to
yield a desired px, the correlation function of {X} will not be Markov but will
be distorted as

k 2
ex 6] -1
p(py y)

p (k) = 5 (3.3)
exp(c’) - 1
y
whereas if {X} were Markov the correlation function would be
2 k
' exp ( Oyoy) -1 Kk
p (k) = = [p, (1] (3.4)

2
exp (O -1
p( y)

Mejia and Rodriguez then go on to show that if {Y} is generated as an ARMA (1,1)

process with

¢l= px

and 61 the solution to

exp(0)) =1 (1= ¢80 - 8))
2

- 2
oy (1 + 91 - 2¢191)¢l

(3.5)

the difference between the generated correlation function (eq. 3.3) and the

ideal lag-one Markov correlation structure may be reduced substantially.



Unfortunately, the illustrative example used in their work is in error and im-
plies a much more substantial change in the correlation function than is actual-
ly the case.

corrected results as Table 3.1.

The results of the example used are presented below along with the

22

Table 3.2 shows a similar computation when

o = 0.6.
y
Table 3.1. Comparison of Methods for Generating Log Normal Lag-One
Markov Sequences for Py = 0.2, Oy = 0.3.
Theoretical Lag- Trans formed Trans formed Trans formed
Lag One Markov Markov@ Markovb ARMA (1,1)
1 2 x 1071 2 x 1071 2 x10 Y | 2.02 x 107t
2 4 x 1072 4.12 x 102 4.12 x 102 4.01 x 102
3 8 x 10°° 8.52 x 10> 8.52 x 10°° 8.0 1073
4 1.6 x 10°° 1.77 x 1073 1.77 x 107° 1.6 1073
5 3.2 x 103 3.66 x 103 | 3.66 x 10°% | 3.2 x 107"
10 1.02 x 1077 1.40 x 102 | 1.40 x 1077 | 1.02 x 107/
15 3.28 x 10 1t 5.31 x 1072 | 5.37 x 10| 3.28 x 107
50 1.12 x 10°°° 6.50 x 102 | 6.51 x 10722 1.12 x 10°°°
100 1.27 x 10779 4.64 x 1072 4.43 x 1077 1.27 10770

%Results from Mejia and Rodriguez (1974a)

bCorrected results for transform of lag-one Markov model
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Table 3.2. Comparison of Methods for Generating Log Normal
Lag-One Markov Sequences for Py = 0.2, Gy = 0.6

Theoretical Lag- Transformed Transformed

Lag One Markov Markov ARMA (1,1)
1 2 x 107t 2 x10°Y | 2.09 x 1071

2 4 x 1072 4.47 x 1072 4.03 x 102

3 8 x 1072 1.02 x 1072 | 8.01 x 107>

4 1.6 x 1073 2.36 x 107> 1.6 x 103

5 3.2 x 10°° 5.45 x 10°% | 3.2 x 107%
-7 -7 -7

10 1.02 x 10 3.57 x 10 1.02 x 10

15 3.28 x 10”11 2.34 x 10 10| 3.28 x 10711
50 1.12 x 10 2° 1.22 x 1032 1.12 x 1073
100 1.27 x 10°7° 1.80 x 1004 1.27 x 10779

The ARMA approximation gives an obviously superior fitat large lags with
a small sacrifice in the lag-one correlation coefficient. However, the dis-
tortion resulting from the transformation of a lag-one Markov model is many
orders of magnitude less than the difference between the ideal Markov model
and an FGN model at large lags (Table 2.1) and may well be insignificant. In
this work we have chosen to preserve (exactly) the lag-one correlation coeffi-
cient and so have generated lag-one Markov sequences in the Y (normal) domain
with py derived from eq. 3.2 with 1= 1.

3.3. Three Parameter Log Normal Transformation of Fast Fractional Gaussian
Noise

The FFGN generator used in this work yields normal sequences, hence to
generate synthetic sequences with skewed marginal distributions the FFGN se-
quences must be transformed. It is desirable to preserve the value of the

Hurst coefficient and the lag-one correlation coefficient through the trans-

formation. The lag-one correlation coefficient is easily preserved by generating
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sequences with py(l) given by eq. 3.2. So long as this correlation coefficient
is in the range given by Figure 2.2, the process is feasible. Sequences gener-
ated in the logarithmic domain have a slightly higher correlation at any given
lag that do the corresponding transformed sequences, so a quick verification
of feasibility can be provided by checking the desired lag-one correlation co-
efficient in the X (real) domain against the desired Hx using Figure 2.2.

To determine the necessary value of H in the Y domain necessary to generate
a sequence {X} with specified Hx’ it is necessary to investigate the distortion
resulting in the correlation function of an FGN sequence caused by the trans-
formation. While it will not be possible to exactly preserve the correlation
structure given by eq. 2.16, it is possible to choose Hy so that the derived
(skewed) sequence has the same correlation coefficient as does theoretical FGN
for any (one) specified lag, k. The value of Hy necessary to achieve this fit

is determined as

Clk, Hy) = T(C(,H), 0)

where
Ck,B) = 1/2¢ G+D)2?H o 2?8 4 o1yt
and 2
exp(g.p) - 1
T(p,0 ) = 2 (3.6)
exp(c’) - 1
y
with HX = desired effective Hurst coefficient of skewed data
Hy = necessary Hurst coefficient in log (normal) domain
Gy = gstandard deviation of Y (normal) sequence

Equation 3.6 may be solved using Newton's method. Results are given in tabular
form in Appendix A for several values of k and ©

Tables 3.3a and 3.3b list the errors of approximation of FGN by FFGN (El)
and the error in transformation of FFGN using a three parameter log normal

transformation (E2)' Both errors are multiplied by 10,000 for ease of comparison,
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a
Table 3.3a. Comparison of Transformation and Generation Errors for Oy = 0.3

H = .55 .65 .75 .85

Tag E| E, E| E, E| E, E, E,
0 0 0 0 0 0 0 0 0
1 0 0 0 0 13 0 208 0
2 63 -12.6 | 141 0 |153 7.0 291 53
3 20 -6.1 57 4.8 80 14.0 { 256 57
4 4 -1.8 13 5.5 29 16.0 | 222 54
7 -3 0.4 |-16 3.5 -2 12.0 | 194 44
10 -2 0.3 -8 2.2 -1 9.0 | 195 38
40 0 0.0 -2 -0.1 5 1.5} 199 19
70 0 0.0 -1 -0.3 7 0.3 200 13.6

| 100 0 0.0 -1 -0.3 8 -0.2 | 201 10.7

Table 3.3b. Comparison of Transformation and Generation Errors for® Oy = 0.6
H = .55 .65 .75 .85

Lag | £} ) S L) Bl B2 B B
0 0 0 0 0 0 0 0 0

1 0 0 0 0 13 0 208 0

2 63 -51 141 -1 153 27 291 204

3 20 -26.8 57 {17.1 80 57 256 233

4 4 -9 13 | 20.8 29 64 | 222 | 224

7 -3 1.0 {-10 | 13.5 -2 50 194 186
10 -2 0.7 -8 8.3 -1 38 195 160
40 0 -0.1 -2 | -0.6 5 7.5 199 81
70 0 -0.1 -1 |-1.2 7 2.4 200 59
100 0 -0.1 -1 |-1.3 8 0.5 201 | 46.7

El is defined as the difference between Theoretical FGN and Untransformed FFGN,
E, as the difference between untransformed and transformed FFGN, hence, E. + E
gives the total error of approximation. 1 2



26

The values of E. were taken from Mandelbrot (1971) while E, was derived numeric-

1 2
ally using values of Hy for k = 20 given in Appendix A. It should be noted that
the values of Hy given in Appendix A were derived for a transformation of
theoretical FGN, while the values of E2 given in Tables 3.3 are errors resulting
from transformation of FFGN, hence the values of E2 are not zero at lag 20.
Tht total error of approximation of an FGN sequence with three parameter
log normal marginal distribution is given by the sum of El and EZ' Except at

large values of H and oy, the transformation error is generally less than the
error of approximation of FFGN, ind in sane cases the errors cancel to same
extent. For the largest H value (H = 0.85) the FFGN approximation error is
quite large as is the transformation error (especially for Oy = 0.6); for se-
quences with higher H and Oy the approximation deteriorates rapidly. For the
more moderate parameter ranges often of interest the method suggested here
should be quite adequate, and is used in the simulation studies reported in

Chapter 4.

3.4. Three Parameter Log Normal Transformations of ARMA (1,1) Models

The transformation of ¢l and ela in the ARMA (1,1) process is achieved by
preserving the lag-one and lag-two correlation coefficients in the transforma-

tion. For an ARMA (1,1) process

_ (1-98) (¢-9)

p(1) = ——LZ-L- (3.7)
1+ 6% - 208

p(2) = ¢op(l) (3.8)

If an ARMA (1,1) process is generated in the Y domain and transformed,
preservation of the first two correlation coefficients for specified ¢X and ex

leads to

a¢1 and 61 are referred to throughout this section as ¢ and 6
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exp(gy<1)o§> -1

p (1) = (3.9)
X exp(oz) -1
7 2
exp(¢_p (1)o’) - 1
o, (2) = 7 (3.10)
exp(c) -1
y
In(L + p (1) (exp(02) - 1))
o (1) = 5 J (3.11)
Y g
y
In(1 +px(2)(exp(0§) - 1))
Py (1) = ) (3.12)
y
In(1 + p,(2) (exp(c2) = 1))
hence ¢ = g (3.13)
In(l + px(l)(exp(cy) - 1))
letting py(l) =C = C(¢X, ex, Oy)(all known values) then,
(1 -¢y9y)(?y - ey) -
1+ 6% - 2¢ 6
y Yy
which may be written 65 + Aey +1=0 (3.14)

2
+1-2¢C
¢Y ¢Y

Cc - ¢y

with A=

Of the two resulting roots, only one satisfies the stationarity condition (Box
and Jenkins, 1970)

e | < 1.
y—

Appendix B gives tables of ¢y and ey for given values of ¢X, GX, and oy.

A further constraint is imposed on the solution of eq. 3.14 by the require-
ment that A2 > 4. Although a solution may always be found for ¢y from eq. 3.13,
some combinations of ¢x and Ox result in imaginary solutions for Sy. Figure 3.1
shows the upper bound of the feasible range for ex as a function of ¢x and Oy.

This constraint is important only for ¢x-§ GX which results in px(l) <0, so will

not often be important in practice.
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The distortion in the autocorrelation function resulting from trans-
formation of three parameter log normal ARMA (1,1) sequences is given in
Table 3.4. The results were obtained using the values of ¢y andvey given
in Appendix B, calculating the correlation coefficients using eq. 2.16, and
transforming using eq. 3.3. The errors were calculated as the difference
between the theoretical ARMA (1,1) correlations calculated from eq. 2.26,
and the transform results. If the transform parameters given in Appendix B
were exact, the errors for lags one and two would be zero, however, some dis-
crepancy results from truncation error. Nevertheless, the distortion caused
by the transformation is less than that in the transformation of FFGN se-
quences (Table 3.3), and may be considered negligible for the purposes of
this work.

Table 3.4. 10,000 Times the Error of Approximation in the Auto-

correlation Function of a Three Parameter Log Normally

Distributed ARMA (1,1) Sequence Obtained Through
Transformation of a Normally Distributed ARMA (1,1)

Sequence.
o = 0.3 g = 0.6
y y
sequence® I 11 II1 I 11 111
Lag
1 -1.0 0.1 |-1.9 0.4 1.3 0.7
2 -0.9 0.1 {-1.9 0.4 1.3 0.7
3 -0.9 0.1 |-1.9 -0.2 1.1 0.7
4 -1.0 0 -1.9 -0.9 0.8 0.7
7 -1.3 |-0.3 |-1.9 -3.1 | -0.4 0.7
10 -1.4 |-0.7 |-1.9 4.2 | -2.1 0.7
40 -0.1 |-2.2 |-2.0 -0.3 | -9.1 | -0.1
70 0 -1.1 |-1.9 0 -4.7 | -0.8
100 0 -0.4 {-1.6 0 -1.7 | -1.2
aSe uence
4 I ¢ =0.8 6_=0.75
X X
IT ¢_ = 0.95 6 = 0.85
X X
III ¢ = 0.985 6_ = 0.95
X X



4. OPERATIONAL COMPARISONS: FFGN AND MARKOV MODELS

4.1 Introduction

Results of operational comparisons of FFGN and Markov generated flow
sequences are presented. in this chapter. The comparison is extended to in-
clude ARMA (1,1) models in Chapter 5. The principal comparative measure of
the flow generators was the estimated cumulative probability distribution
of storage that would be required to satisfy a specified demand over a given
operating period. Individual cumulative distributions were determined as
follows; A large number of synthetically generated flow traces (usually
1,000), with each trace of length equal to the operating life of an hypo-
thetical reservoir, was generated. Each trace (e.g., the m'th trace) was
then processed through the Thomas-Fiering (Fiering, 1967) sequent peak algo-
rithm (SPA) to yield a value of required storage, Sm’ such that if the re-
servoir were full at the onset of the worst "critical period" of the trace then
the stored water plus inflow would be just sufficient to fully satisfy demand.
The ordered Sm for all traces (using an appropriate plotting rule) then form
the empirical probability distribution of interest. 1In this work the plotting
rule used was that the i'th largest storage,Si,was plotted at cumulative

i
N+1

probability level 1 -

The SPA might be criticized because it requires the assumption that the
initial contents of the reservoir (whose size is unknown before a complete pass

through the algorithm is made) be greater than or equal to zero. In practice

this requirement is not too restrictive because most facilities when brought
on line have some water stored but are not necessarily full.

Because it scemed likely that traces generated by FGN models would exhibit
longer periods of above average and below average flow (i.e., greater long-
term persistence) than would be found in traces generated by short memory
Markov models it was decided to examine additional features of the generated
traces. The principal concern with use of the SPA to develop an index for

comparing traces was that it concentrates on the most severe critical period
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per trace rather than the longest critical periods. It was decided to
examine how often the most severe critical period coincided with the longest
critical period per trace. The number of critical periods per trace was also

examined. By making use of intermediate computations in the SPA we obtained,

for each trace,the number of critical periods (i.e.,the number of '"troughs" per

trace), duration of the most severe critical period ,time to fill following the most
severe critical period, duration of the longest critical period, and time to
fill following the longest critical period. These quantities were examined

to find differences attributable to flow generation parameters and models.

Of particular interest is the form of termination of periods of sub-
demand levels of flow. It was not clear at the beginning of the investiga-
tion if long-term persistence implied that draw-down and fill-up times would
be approximately the same or alternatively if fill-up could be significantly
influenced by "Noah" (extreme) type events. This issue is discussed in

Section 4.3 of this chapter.

4.2 Use of Storage Distribution Diagrams

Burges and Linsley (1971) showed that the extreme value Type I prob-
ability distribution (Gumbel, 1958) described the storage distribution result-
ing from Markov generation and use of the SPA algorithm. 1In the current work
it was found that the extreme value distribution, in general, suitably des-
cribed the empirically plotted storage distributions for most of the cases
examined. Where the theoretical Gumbel distribution was inappropriate the
best "by eye'" curve was determined. This could usually be effectively done
via two straight lines drawn on extreme value paper. All storage distribu-
tions (Figures 4.1-4.13) are drawn on extreme value paper such that the
theoretical curves corresponding to the empirical cumulative probability

distributions plot as straight lines. This display is useful for comparing
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the coupled generation-demand effects of the different models and their
parameters.

The probability-storage diagram is useful in any particular situation
for determining what levels of flow development are realistic and,for a given
demand level, estimating the reservoirs' reliability in meeting the‘demand
schedule. TFour such curves are given in Figure 4.1. 1In this figure (and in
all subsequent probability-storage plots) demand is expressed nondimensionally
as annual demand divided by the mean annual flow, i.e. D* = D/ux. Demand was
held constant over the operating life of the hypothetical single reservoirs
used in this work.

In Figure 4.1 each curve results from a different demand level. Curve 1
(D* = Al) results from the largest of the demand sequences. If, for example,
it were practical to construct a facility whose capacity was equal to the

%
mean annual flow of the river (i.e., S

S/uX = 1.0) then demand D* = A1
could be supplied with a reliability of about 407 while the much smaller de-
mand D* = A4 (Curve 4) could be supplied with a reliability of about 0.997.
Here 0.997 reliability means that of all possible inflow scenarios (based on
the assumed or fitted flow generation model) 99.7% of the inflow traces, each
trace of length equal to the operating life, would have sufficient flow plus
buffer storage to fully satisfy demand. The remaining 0.3% of all cases would
not fully satisfy demand and some supply shortage would resuit. Another way
of interpreting the curves of Figure 4.1 is to consider the development of a
water supply whose desired reliability for the proposed operating life is,

for example, 99%. To achieve this level, demand A4 would require a storage

S* = 0.82 while demand Al would require storage S* = 3.63. This latter quan-
tity would usually be unrealistic, hence meeting demand schedule Al at re-
liability level 0.99 would be an impractical objective.

Section 4.3 presents storage-probability relationships obtained from the

numerical experiments that were made to compare different flow generation
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models and model parameters. Figures 4.2-4.13 contain representative infor-

mation from all of the Markov and FFGN sequences examined in this work.

4.3 Numerical Results

In all cases reported herein the operating and economic lives were both
taken as 40 years. This figure was adopted because economic returns over
longer periods usually have negligible impact on project evaluation.
Additionally, choice of a 40 year operating period is representative of prac-
tical aspects of planning. Several test cases were run for lives of 100 years
with results essentially the same as those for 40 year lives presented herein
(inputs were generated from identical models) except for scale. It should
be noted that the increase in scale is such as to make reservoir storage re-
quirements unrealistically large at all but very low demands for lives of 100
years.

Each curve in Figures 4.2-4.,13 is based on a theoretical fit to the
cumulative distribution defined by 1000 values of storage, Sm' Although there
is no particular mystique associated with the number 1000, Burges and Linsley
(1971) found for Markov generation that 1000 storage values defined very well
storage distributions for demands up to D* = 0.9 and annual flows having co-
efficients of variation up to 0.5. Results of the current research verified
this finding with the exception that the theoretical Gumbel distribution did
not provide a good fit to the data for values of Hurst coefficient above 0.8,
particularly when the coefficient of variation was reducéd to the neighborhood
of 0.25. Three demand levels (consistent with the over-year storage problem)
of D* = 0.5, 0.7, and 0.9, applied uniformly over the operating life, were
examined. 1In all cases population parameter values were used to generate the

synthetic annual flows.

4.3.1 Empirical and Theoretical Storage Distributions

Figure 4.2 shows a typical result for a good fit of the extreme value
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theory to experimentally generated data. For obvious graphical reasons not
all 1000 data points are shown in the figure; the 20 largest storage values
are, however, plotted.

Figure 4.3 is representative of a poor fit of the theoretical distribu-
tion to empirical data. It appears that for this case the data are close to
some threshold which might be represented by two extreme value populations for
each demand, particularly at the higher demand levels. The extreme value
theory was expected to be unsatisfactory for large H and relatively short
life (40 years) because the long runs of above average and below average flows
do not give rise to many critical periods per trace. This effect necessarily
invalidates one of the foundations of the extreme value type 1 theory
(Gumbel, 1958). It was found, however, that the skewness of the marginal flow
distribution was quite important in breaking up these long runs. Termination
of critical periods is discussed in Section 4.3.

In Figures 4.4-4.12 the straight lines are theoretical descriptions of
experimentally obtained storage values. These storage values were visually
compared with the theory. When a poor fit resulted approximate lines of
best fit to the experimental data were determined. For example, curves F in
Figures 4.10 and 4.11 are by-eye fits to the experimental data. Summary infor-
mation, sufficient for comstructing most of the storage distributions that
were tested, are given in Table 4.1. For all cases not otherwise noted the two
plotting positions give a good representation of the generated data. The com-

"plete storage data for each case run are available upon request from the
authors on 7-track CDC magnetic tape (a nominal charge will be assessed to
cover copying and handling costs).

4.3.2 Model Comparisons - Set 1

Figure 4.4 shows the results of seven different sets of model parameters

* %
for D = 0.9. Figures 4.5 and 4.6 contain similar information for D = 0.7
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Table 4.1. Summary of Theoretical Extreme Value Type I Probability
Distributions Describing Storage Needs (FFGN and Lag-one
Markov Generation)

GENERATOR PARAMETERS DEMAND = 0.9 DEMAND = 0.7y DEMAND = 0.5y
cvV o G H s, S, s, s, s, 5,
.25 .00 .00 .50 2.08 .12 81 .24 41 .06
.25 .20 .00 .SO 2.74 .86 .99 .26 .46 05
.25 .40 .00 .50 3.75 1.03 1.29 .29 49 ppkrx
.25 .10 .00 .60 2.95 .85 .93 .25 .41 o5
.25 .20 .00 .60 3.30 .91 1.07 .26 45 g5kxx
.25 .40 .00 .60 4.38 1.11 1.4 .29 .49 05kkx
.25 .20 .00 .70 3.99 .94 1.11 .24 L4104
.25 .40 .00 .70 5.11 1.13 1.56 .28 .53 .05**%
.25 .45 .00 .70 5.44 1.23 1.66 .29 .53 .05kk%
.25 .45 .00 .85 6.29 1.06% 1.54 .19 wk
.25 .60 .00 .85 7.88 1.33 2.06 0.24% 0.49 0.02%%%
.25 .20 .75 .50 2.30 .75 0.50 0.14 *k
.25 .45 .75 .85 10.69 2.62% 4.30 0.96 1.48 0.34
.35 .20 .00 .50 4.70 1.48 1.94 .58 1.00 .24
.35 .45 .00 .85 11.88 1.91% 4.90  .58% 1,71 L 17%%%
.50 .00 .00 .50 5.77 1.96 2.52 0.94 1.36 .52
.50 .20 .00 .S0 7.13 2.33 3.34 1.11 1.74 .57
.50 .40 .00 .50 9.56 2.95 4.76 1.43 2.48 .70
.50 .10 .00 .60 7.95 2.28 3.70 1.08 1.80 .56
.50 .20 .00 .60 8.78 2.53 4.06 1.19 2.02 .59
.50 .20 .00 .70 10.60 2.68 4.83 1.20 2.19 .58
.50 .40 .00 .60 10.71 2.89 5.34 1.36 2.67 .65
.50 .40 .00 .70 14.88 3.17 6.87 1.50% 3.20 .69
.50 .40 .00 .80 16.84 3.39% 8.62 1.51% 3.88  .66%
.50 .45 .00 .85 16.64 3.11% 8.30 1.35% 3.74  .S6%
.50 .20 1.00 .50 6.73 2.21 2.70 .87 1.17 .35
.50 .40 1.00 .50 8.56 2.74 3.69 1.09 1.55 .40
.50 .20 1.00 .70 14.04 3.04 6.03 1.10 2.13 .33
.50 .40 1.00 .70 12.18 3.16 5.30 1.20 1.97 .40
.50 .40 1.00 .80 5.22  .87% .63 .08 *k
.50. .20 2.00 .50 6.06 2.01 1.78 .59 L4600 .12
.50 .40 2.00 .50 7.85 2.46 2.53 .72 .61 .13
.50 .20 2.00 .70 9.70 2.52 2.91 .68 .57 .12
.50 .40 2.00 .70 10.45 2.74 3.51 .79 74 .12
.75 .20 2.00 .50 11.15 3.71 5.20 1.67 2.22 .70
.75 .40 2.00 .50 13.16 4.40 6.67 2.05 2.93 .85
.75 .20 3.00 .50 10.12 3.53 4.00 1.32 1.26 .41
.75 .40 3.00 .50 12.83 4.23 5.85 1.72 1.81 .51
1.00 .20 3.00 .50 11.32 3.87 5.87 1.97 2.75 .92
1.00 .40 3.00 .50 14.95 4.93 8.42 2.63 4.03 1.22
1.00 .20 3.00 .70 17.83  4.59 9.74 2.35 4.29 1.03
1.00 .40 3.00 .70 19.94 5.40 11.38 2.84 5.36 1.27

S1 is the theoretical storage corresponding to cumulative probability 0.995
S. is the theoretical storage corresponding to cumulative probability 0.500

* Theoretical extreme value distribution did not adequately describe the empirical
storage distribution.
*%. Not a predominantly over-year storage case.
**k Theoretical distribution did not fully describe the empirical distribution
partly because the case was not strictly an over-year storage situation.
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and 0.5, respectively. Figure 4.4 shows the importance of coefficient of
variation (CV) , Yag one correlation coefficient (p), skew coefficient (G)

and Hurst coefficient (H). For H = 0.5, p= 0 and G = 0, storage needs at any
given reliability level are seen to increase dramatically as CV increases from
0.25 to 0.5. The lower value of CV is representative of many snowmelt-fed U.S.
streams as well as streams in humid climates. The larger value of CV is repre-
sentative (but is nowhere near the upper limit) of streams which exhibit larger
variability in annual flow. The importance of knowledge of ( (compare curves

A and C) is apparent. Curves A and B show the relative impact of H on the
distribution of required storage. There is not an appreciable difference
between the two curves at the 50% reliability (or probability) level, but
substantial differences occur at higher reliability levels. Curve A corres-
ponds to H = 0.5, curve B to H = 0.7, where all other parameters were held
constant. Earlier work by Matalas and Wallis (1972) concentrated on the
"average storage', i.e. the storage corresponding to the 57% reliability

level for the extreme value distribution. In practice much larger reli-
abilities (eg. greater than "“90%) are usually required, hence the emphasis

on the complete probability-storage plots in this report.

For the parameter levels in Figure 4.4 it appears that uncertainty in H
and CV relative to the base level (curve A) are about equally important. This
result is, of course, dependent upon the magnitude of the changes considered in
each parameter, for instance, a change of 0.15 in CV is approximately equivalent
to a change of 0.2 in H about the base level of Figure 4.4. Curves A and F
show the importance of skew in the marginal distribution. This result, and
a number of other cases examined, clearly showed that positively skewed mar-
ginal distributions give rise to lesser storage needs at typical operational

reliability levels than would be required for flows generated from identical
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‘models having symmetric marginal distributions.

Figures 4.5 and 4.6 (plotted to a larger scale than Figure 4.4) contain
essentially the same information as Figure 4.4 but for lesser demand levels.
Several of the lower curves of Figure 4.6 do not exclusively belong to the over-
year class of storage problems. An interesting result in Figures 4.5 and 4.6
(D* = 0.7 and 0.5, respectively) is that uncertainty in p is more important
than uncertainty in H. The importance of CV and skew (parameters of the mar-
ginal distribution) is much more important than H and p (measures of persist-
ence) for low demand levels, suggesting that the design demand level should

dictate the relative importance of modelling accurately long-term persistence.

4.3.3 Model Comparisons - Set 2:

While Figures 4.4 - 4.6 show perturbations about a Markov domain,
Figures 4.7 - 4.9 give graphical comparisons of FFGN storage needs. The base
parameters for the FFGN models are: cV = 0.5, p = 0.4, G= 1.0, and H = 0.7.
Examination of Figure 4.7 (D* = 0.,9) and Figure 4.9 (D* = 0.5) shows that the
demand level is of considerable importance when long-term persistence is sig-
nificant. At the 98% reliability level (a level that many practitioners use
to represent "firm yield") curve A has storage requirements that change from
s* = 0.5 to s* = 1.6 as D* changes from 0.9 to 0.5. This represents a change
from the impractical to the potentially practical design capacity of an over-
year storage facility. Reservoirs planned for streams having flow character-
istics similar to those in Figure 4.7 would have to be impracticably largé
to support high demands, eg. D* n0.9 with reasonable reliability (even achieving
a reliability of 80% would require a storage between S* = 4,5 and 6.0).

It is clear in Figure 4.7 that increasing H to 0.8 and including positive
skew yields approximately the same result as neglecting skew (G = 0) and using
H = 0.7 (curves B and D). As the demand level is reduced the importance of

skewed marginal distributions again becomes clearer (Figures 4.8 and 4.9).
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Little attention has been focused by researchers investigating long-
term persistence effects (H) upon the relative importance of p and G in flow
modeling. The importance of uncertainty inp is, however, quite clear from
Figures 4.7 - 4.9. It should be noted that p = 0.4 is an approximate upper
limit to the lag-one correlation coefficient usually found in annual stream
flow data. The FFGN model is unfortunately constrained by the feasible range
of p and H given in Figure 2.2. At high values of H, especially, this may

impose a severe practical limitation on the use of FFGN.

4.3.4 Model Comparisons - Set 3:

Figures 4.10 - 4.12 show comparisons of storages yielded from FFGN se-
quences. The baseline used was for H=0.85 (curve A). In all cases the extreme
value distribution yielded a poor fit below about the 40% reliability level.
The straight lines shown do approximate the experimental data for higher
reliability levels. Knowledge of CV is shown to be of utmost importance for
this group of parameters. Sensitivity top was much less than in sections

4.3.2 and 4.3.3 where base levels of p and H were lower.

4.4 Observations: Critical Periods

Summary statistics of the critical period information generated are given
in Tables 4.2 - 4.6. For illustrative purposes properties of six (6) sets of
generated flow traces are discussed in this section. The storage-probability
distributions for D* = 0.9 for these six cases are given in Figure 4.13. The
six cases cover a range of H between 0.5 and 0.85, CV between 0.25 and 0.5,
and p between 0.0 and 0.45. Only one case having non-zero skew coefficient is

presented here. Other relevant comparisons can be drawn from Tables 4.2 - 4.6.

4.4.1 TFrequency Diagrams - Number of Critical Periods:
Figures 4.14 and 4.15 show frequency diagrams of the number of critical

%
periods per 40-year long-flow trace conditioned by demands D = 0.9 and 0.5,
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Figure 4.14. Frequency Diagram of the Number of Critical Periods per 40 Year
Flow Trace; Demand/Mean Flow = 0.9.
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Figure 4.15. Frequency Diagram of the Number of Critical Periods per 40 Year
Flow Trace; Demand/Mean Flow = 0.5.
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respectively. Figure 4.14 shows, as intuitively expected, that there tend

to be generally fewer critical periods for FGN sequences than for Markov
sequences. Figure 4,15 qualitatively shows the same trends.

The combination of low CV and large H gives rise to a problem that is
only a partial over-year storage case (particularly when D* n0.5). Note
that the large numbers of zero critical periods correspond to small over-
year storage needs. Figures 4.14 and 4.15 are useful for assessing the ap-
plicability of an extreme value model of storage. Parameter combinations
involving H in the vicinity of 0.5 appear to approximately (qualitatively)

satisfy the theory while those with large H (H 20.8) usually will not.

4.4.2 Frequency Diagrams - Length of Most Severe Critical Period:

Frequency diagrams for the length of the most severe critical period
per trace are given in Figure 4.16 (D* = 0.9) and Figures 4.17a and b (D* =
0.5). This information provides another way of examining the flows generated
by different models and model parameters. While these frequency diagrams are
not precise they do permit qualitative comparison of the different flow gen-
eration models. Figure 4.16 has been arbitrarily truncated at a 20-year
critical period length. TFigure 4.16 shows that critical periods for D* = 0.9
are typically between 2 and 8 years long. Combinations of low CV and high H
are, however, associated with longer length critical periods.

Figures 4.17a and b show the impact of demand level upon critical period
length. Regardless of the magnitude of H the duration of the longest critical
period (at D* = 0.5) is most commonly between 2 and 4 years with a modal value
of 2 years. The high H flows do, however, give rise to a few very long criti-
cal periods even at this relatively low demand level.

Frequency distribution plots for refill times and the distribution of the
longest critical period per trace were not prepared because they appeared to

yield little additional information. Examination of much of our data showed
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that the most severe critical period usually coincided with the longest critical

period per trace. (The slight differences in the two quantities are evidenced

in Tables 4.2 and 4.4.)

4.4.3 Critical Periods - Summary Statistics:

Summary statistics for the critical period data that were generated are
given in Tables 4.2 - 4.6. Each table is arranged in increasing order of mag-
nitude of CV,p, G and H for the convenience of the reader. The mean, standard
deviation and skew coefficient of each quantity for demand levels D* = 0.9,

0.7 and 0.5 provide a convenient method for condensing the voluminous data
that were generated. Each statistic was computed from a sample of 1,000 inde-

pendent observations.

4.4.3 (a) Most Severe Critical Period:

Table 4.2 shows that generally, as flow variability increases, the mean
length of the most severe critical period increases as does its standard
deviation while the skew coefficient becomes smaller. The mean critical period
lengths range from 5.5 to 17.6 years for D* = 0.9 and from 0.6 to 6.6 years
for D* = 0.5 (Critical period lengths were computed as integers; decimal quan-
tities in the summary statistics result from nrecessary arithmetic opera-
tions on these integer quantities.) Table 4.2 clearly shows the enormous impact
of demand level upon the duration of a critical period. It should be noted
that larger mean values of critical period duration could be expected if the

operation life exceeded the 40 years used-in this report.

4.4.3 (b) Refill Time Following Most Severe Critical Period:

Table 4.3 summarizes refill time data. In many cases the refill time was
the difference between the time the reservoir would have emptied and year 40.
In such cases, while the refill algorithm used considers the reservoir to have

filled, in fact it would still be partially empty at year 40. Despite this
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Summary Statistics from 1000 Traces for the Length of the
Most Severe Critical Period per 40 Year Long Trace for FFGN

and Markov Models.

GENERATOR PARAMETERS

cv

25
25
25
25
025
25
25
25
25
25
25
25
35
35
«50
50
«50
50
«50
«50
50
50
50
«50
«50
«50
50
«50
«50
«50
«50
50
50
«50
75
75
75
75
1.00
1.00
1.00
1.00

p

«00
20
%0
«10
20
«40
«20
40
45
60
«20
45
20
045
«00
20
40
«10
15
«20
20
40
040
40
45
«20
e 40
«20
040
40
«20
«%0
«20
40
«20
«40
«20
%0
020
40
«20
e 40

G

.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.75
.75
00
.00
.00
.00
.00
<00
.00
.00
+00
.00
.00
.00
.00

1.00

1.00

1.00

1.00

1,00

2.00

2400

2.00

2.00

2.00

2.00

3.00

3.00

3,00

3,00

3.00

3.00

H

«50
50
«50
«60
«60
«60
70
«70
«85
«85
«50
«85
50
«85
«50
50
«50
«60
65
«50
«70
«60
75
«80
«35
50
50
70
70
«80
«50
«50
«70
70
50
50
50
50
«50
50
«70
«70

LENGTH OF MOST SEVERE CRITICAL PERIOD

DEMAND = 0.9u

Mean

5.51

6.€5

7.90

6.98

7.40

8.80

Be€6

9.70
10.56
12.37

7.€6
16421

9.08
12.87

9.70
11.01
12.79
10.85
11.74
11.87
13.15
12.77
13.63
15.16
14.55
12.31
14.11
16443
11.C1
12.79
13.12
15461
16.31
16.89
16.21
17.€3
17.63
18475
13.97
15,66
16.10
17.€4

S.D.

4440
5045
6.12
6.21
6.35
7.13
7.83
8.24
10.37
11.27
5.78
9.42
6.80
11.43
7.38
7.89
8'47
776
9,39
8.79
10.11
9.18
10.44
11.84
11.86
8.09
8.89
11.70
7T.€9
Bet?
7.90
9.12
10.€6
10.57
9.42
9.31
9.31
9.71
8e44%
8.83
10.56
10.63

Skew

1.87
1.88
1.53
1.91
1le74
1.56

RELL

1.31
1.27
98
1.60
o664
l.41
94
1.34
1.15
«92
1,06
l.14
1.09
93
«99
«9C
66
o758
1.0C
«79
56
1.15
.92
«89
68
63
56
64
51
«51
bl
87
67
66
46

DEMAND = 0.7y

Mean

1.36
1.63
2.05
1.60
1.75
2.21
177
2.25
2.10
2.73
le46
Te76
2.66
4.37
3.18
4,09
555
4.16
4.36
4.76
525
5.62
€e25
7.60
7.064
bo24
558
7.19
4409
555
.24
.44
5.73
652
776
7.78
T.78
10.22
7.87
9.95
10.07
l1.44

S.D.

«70
1.03
1,45
1.08
1.25
1.85
le42
2.17
3.00
3.64

.82
555
1.91
6.15
2433
3.17
4.06
3.65
4,18
3.88
5405
4.65
6¢40
8.09
7.87
3.00
3.92
7.38
3.17
4.06
2.73
3.95
5.10
550
555
5.34
5.34
7.00
5.29
6.36
8.25
B8.56

Skew

2.31
2.26
1.99
2.27
2.29
4.20
244
3.13
3.74
3.21
1.59
1.79
2426
2.84
2.19
2.41
2.00
2.83
2.81
2.10
2.49
2.09
2.23
1.77
1.92
2.05
1.97
2.01
2441
2.00
1.72
1.8¢6
2.09
2.08
1.79
1.71
1.71
l.34
l.€4
1.22
1.43
1.21

DEMAND = 0.5u

Mean

063

062

+69

63

€3

N

«5€

66

.42

51

15
3.51
1.30
1.51
1.68
2.08
2485
2.08
2.05
2.23
2.41
2.9¢
2493
3.40
3.22
l.88
2+39
2.64
2.08
2.85
1.39
1.69
l1.54
1.80
3.51
2.96
2496
3.97
4.11
5.78
5.42
6.60

S.D. Skew

e53
60
74
«55
61
77
062
° 85
o 76
l.18
36
2427
76
2.58
99
1.31
1.92
1,63
1.5¢8
1.5¢
2425
2.35
3,01
.16
4,27
1.20
1.61
3.02
1.31
1.92
79
l1.22
1.21
1.62
2427
1.77
1.77
2.68
2463
3,96
“72
5.51

-+ 04
«55
1.27
.18
«58
1.67
1,13
2.01
4.56
8.70
2.26
1.67
2.23
5.23
2.06
1.94
1,78
".27
3.55
2.35
3.74
2.51
1.00
3.59
3.32
2425
1.84
3.62
1.94
1.78
1.54
1.93
2.19
2435
1e67
1.72
1.72
1.96
1.94
2.10
2.19
1.87
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Table 4.3. Summary Statistics from 1000 Traces for Reservoir Refill Time
Following the Most Severe Critical Period per 40 Year Long
Trace, for FFGN and Markov Models.

GENERATOR PARAMETERS REFILL TIME AFTER MOST SEVERE CRITICAL PERIOD
DEMAND = 0.9u DEMAND = 0.7y DEMAND = 0.5y
cv p G H Mean S.D. Skew Mean S.D. Skew Mean S.D. Skew

25 L,00 .00 .50 5074 4,34 1.86 1453 .81 1.67 b4  o55 W10
¢25 420 .00 50 6.60 5,10 1,64 1.72 1.04 2.31 63 462 W54
«25 440 .00 .50 7.37 5.71 1.55 2.00 1.34 2.08 69 .72 1.0°
«25 410 .00 .60 6¢36 4,80 1,51 1,70 1.05 2.11 b8 463 WE1
«25 +20 .00 .60 6.84 5,21 1438 1.R6 1.33 2.5 65 463 .81
e25 440 0O .60 T.85 6405 1437 2414 1.56 2461 ebb o T8 1,43
e25 ¢20 00 70 710 6,00 1462 1486 le44 2499 58 468 1.19
25 440 .00 .70 7.48 5,98 1,38 2.24 2.04 3,8¢ 67 484 1.76
e25 445 .00 .85 6e53 6,14 1,58 2.04 2.50 3.2¢ 42 W74 3,31
025 +60 <00 oB5 beT4 6406 1431 2,55 3.25 3.03 «49 491 3.02
e25 20 «75 50 5692 4481 1.96 1e38 79 2.27 16 .36 2421
e25 445 +75 485 BeBl 6476 1e07 4o78 4,16 2428 2434 1464 2.03
¢35 420 .00 .50 Be36 5489 1429 2472 1.90 2.53 1.37 .74 1.39
¢35 <45 .00 .85 7.02 6435 1429 3.58 3.98 2.54 1.35 1.84 4,03
«50 400 00 .50 Be72 6415 1414 3,07 2,01 1455 1.€3 492 1492
50 420 .00 50 9,08 6443 1,20 3,75 2,53 179 1,93 1.17 2.31
«50 440 .00 .50 9.99 6481 oB8 4,99 3,63 1.80 2.46 1,50 1454
¢50 410 400 .60 BeB6 6o66b 1423 3474 2,82 2426 1490 1422 2454
«50 +15 .00 .65 o7 6.70 1.12 4,18 3,57 2.22 1.92 1.23 2.03
«50 20 .00 .60 B490 629 lelé 4,28 3,44 2,41 2414 1la4€ 2e46
«50 420 L,00 .70 7.92 6414 1e31 4,66 4,00 2,29 2.17 1.50 1l.6€
¢50 <440 400 .60 9,02 €473 1,07 5.03 4,16 2.12 2.41 1.85 5461
50 440 .00 75 Be & 7.06 118 5433 472 1694 2461 2.45 3,12
«50 440 .00 .80 7.56 6438 1.19 5,57 5.30 1.32 2.92 3,05 3.05
e50 45 .00 .85 7.34 6,60 1.27 5.26 5.38 1.58 2.80 3.21 2.84
«50 420 1.00 .50 Be4B8 6434 1,07 3,56 3,03 3.05 163 492 1.93
50 +4C 1.00 .50 Re€9 6448 1410 4429 3,39 2.16 2.03 1.35 2.0¢
«50 +,20 1.00 .70 7.09 6621 1el€ 4499 4,B7 2.04 2412 2.24 3,98
¢50 440 1,00 .70 Q.08 6443 1420 3.75 2653 1479 1,93 1.17 2.31
«50 440 1.00 .80 9.59 6,81 <88 4.99 3.63 1.80 2.46 1.5C 1l.54
«50 420 2.00 .50 7¢59 6630 1429 2.67 2,00 2.33 1.21 .58 1462
e50 440 2400 50 8¢36 6430 1e12 3.54 2.90 2.42 1.39 .90 2.3¢
«50 420 2.00 .70 7.75 6.38 1,14 3,79 3,664 2.58 1.32 .97 3,42
¢50 440 2.00 +70 728 5489 1.36 4416 3475 2439 1.43 1,16 2.86
«75 420 2.00 .50 BsB81l 6476 1Lo07 4.7E 4o16 2428 2.34 1.64 2.03
e75 440 2.00 .50 7.97 6,47 1418 4,52 3.77 177 1.97 1,35 2.57
75 420 3.00 .50 7e67 6447 1e18 4,52 3477 177 197 1435 2457
75 440 3,00 .50 8,05 6435 103 5435 430 1483 2.59 1.91 2.27
1.00 .20 3.00 .50 7¢13 5.54 1e26 4438 3,70 2.01 2451 1e7F 1.°1
100 440 3,00 .50 Behé 6453 1e12 5468 4453 1433 3,33 2,45 1.93
1.00 .20 3.00 .70 4,70 5.79 leté 5,28 4483 1479 3421 3414 2.9¢
1.00 .40 3.00 .70 65.90 5.85 1433 5.98 5.31 1476 3.8& 3.57 2.3¢8
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qualification it can be seen that flows generated via models having posi-

tively skewed marginal distributions give rise to more rapid refill times
than those having zero skew. Generally, recovery times were of the same
order as drawdown times but were considerably shorter for highly variable
highly skewed flows.

Tables 4.4 and 4.5 essentially replicate Tables 4.2 and 4.3 for the
case of the longest, rather than the most severe critical period. These tables
indicate that the most severe and the longest critical period per trace are
often but not always the same. Thus when using the SPA no distinction appears

necessary between severity and length of critical periods.

4.4.3 (¢) Number of Critical Periods

Table 4.6 summarizes the number of critical periods per 40-year trace.
In some instances the number of critical periods correspond to an 80~year
period because of the two-cycle computation scheme used in the SPA (Fiering,
1967). Generally the flows generated from low CV and high H yield fewer
critical periods than those from highly variable and positively skewed models
for a fixed value of D*. The average number of critical periods per trace
ranged from 6.46 to 2.77 for D* = 0.9, while the corresponding range was 0.94
to 0.50 for D* = 0.5. Table 4.6 clearly shows the impact of CV, p, G, and H
on the number of critical periods per trace, particularly for D* = 0.5. The
mean number of critical periods per trace shown for the three demand levels
illustrates the interaction of demand level, trace variability and persistence.
The importance of "Noah'" and "Joseph" type events is quite clear for the case:

¢V = 0.5, p = 0.4, G=1.0, H= 0.8. Compare this, for example with the case:

cv

0.5, p 0.4, G =0 and H = 0.80. This comparison emphasizes the import-
ance of the skew of the marginal distribution, particularly at lower demand

levels. Many other interesting comparisons can be found in Table 4.6.
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Table 4.4. Summary Statistics from 1000 Traces for the Length of the
Longest Critical Period per 40 Year Long Trace for FFGN and
Markov Models.

GENERATOR PARAMETERS LENGTH OF LONGEST CRITICAL PERIUD
DEMAND = 0.9 DEMAND = 0.7u DEMAND = 0.5u
cv P G H Mean S.D. Skew Mean S.D. Skew Mean S.D. Skew

25 +00 .00 .50 6616 4,18 1,93 1.56 +79 1.59 63 564 L03
«25 420 .00 .50 715 5.27 1.92 1.21 1.06 1.85 62 461 W5€
e25 440 .00 .50 8e¢37 5491 1655 2419 l.46 1.83 e70 75 1426
e25 10 +00 .60 749 5,99 1.96 1.78 1.10 1,83 66 57 29
«25 20 .00 .60 7¢89 6414 1677 1493 1426 1.699 64 463 W77
025 440 00 460 9:15 6495 1.50 2.3€ 1.86 3.98 65 78 1l.6€
25 420 .00 .70 8499 7465 1.47 1,93 1.45 2.17 56 .65 1.12
25 +4C .00 .70 9.98 8.09 1.32 2.41 2.19 2.91 67 486 1,93
025 45 400 485 10479 10425 1427 2420 3,00 3.67 e43 78 4,35
e25 60 400 485 12,47 11419 +99 2.84 3,68 3,07 53 1,20 8.27
025 420 75 450 Bel9 5456 lebs 1e57 485 1426 e15 36 2426
025 +45 o75 «B5 16e56 9,13 69 8418 5.37 1.%3 3.86 2,19 1.73
«35 +,20 .00 .50 9.56 6454 1.47 2.95 1.84 2.24 1.36 .30 1.79
¢35 445 .00 ¢85 13.08 11429 +95 4¢5€ 6411 2482 1a57 2460 5.09
¢50 400 400 50 10421 7410 1.40 3466 2.24 2.20 1490 1,00 1l.€1
e50 420 <00 50 11450 7459 1419 4451 3.05 243 2432 1le31 1,74
e50 o440 <00 o50 13,16 B.21 497 5.86 3.92 2,08 3.04 1,50 1.72
e50 410 <00 .60 11,32 7.48 1,09 4.51 3.53 2.51 2.3C 1.62 4.10
50 15 .00 .65 12,17 9,10 1.18 4.71 4.07 2.85 2426 1459 3426
050 20 <00 60 12426 8456 1412 5414 3,81 2,07 2.47 1.57 2.2C
e50 20 +00 70 13,50 9,87 495 5461 4497 2447 2.63 2.23 3,64
e50 ¢40 00 o60 13413 8,97 1401 5494 4453 2.12 3,05 24,364 2,42
50 40 00 475 13,88 10425 93 6457 6.32 2.22 3.12 3.01 2.90
e50 40 .00 80 15433 11.7C 468 7¢87 7.99 1.76 3.55 4.1€ 3.°7
e50 445 00 ¢85 14473 11473 o476 7419 7481 1.93 3,36 4,24 3,29
50 20 1.00 «50 12,80 7475 1406 4469 2.89 2.04 2.10 1.21 2.03
e50 40 1.00 450 14454 Beb2 82 5495 3484 1,94 2457 1459 1.7C
¢50 20 100 o70 15461 11454 458 7449 7431 1469 2.76 3,01 3,57
e50 440 1.00 .70 11.50 7,59 1,19 4,51 3,05 2.43 2.32 1.31 1.76
e50 40 1.00 80 13,16 8,21 97 5486 3,92 2.08 3,04 1.90 1.72
e50 420 2.00 450 13.53 761 495 4459 2.64 1,72 1.50 .84 1,23
50 440 2400 450 15492 8488 <71 5481 3485 1.83 1.78 1.25 1.79
e50 420 2,00 ¢70 16.58 10.44 o666 6408 5403 2.06 1465 1425 1,91
e50 o400 2400 470 17.10 10440 458 6,78 5.42 2.10 1.88 1,66 2,21
75 +20 2.00 .50 16,56 9,13 ,69 8.18 5,37 1.83 3,86 2.19 1.73
eT5 o400 2400 50 17494 9,04 56 8420 5615 177 3424 1a72 14665
75 «20 3.00 «50 17.94 9,04 +56 8,20 5415 177 3424 1.72 1.69
e75 440 3,00 «50 19,00 9,43 444 1059 6481 1437 4425 2464 1.91
1600 420 3,00 o50 14428 B.16 491 8430 5.16 1.62 4444 2,53 1.99
1,00 .40 3,00 50 14,25 B8.58 72 10432 6.19 1.23 6.04 3.86 2.15
1.00 +20 3.00 .70 16,45 10.32 <67 10439 8407 1446 5472 4467 2.17
1600 440 3,00 70 17489 10642 48 11.74 B8.41 122 6488 5,48 1.84
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Table 4.5. Summary Statistics from 1000 Traces for Reservoir Refill
Time Following the Longest Critical Period per 40 Year
Long Trace for FFGN and Markov Models.

GENERATOR PARAMETERS REFILL TIME AFTER LONGEST CRITICAL PERIOD
DEMAND = 0.9y DEMAND = 0.7y DEMAND = 0.5u
v P G H Mean S.D. Skew Mean S.D. Skew Mean S.D. Skew

«25 L,00 .00 .50 5022 4.38 1.93 1.36 .69 2.14 b3 453 -.06
025 <20 .00 .50 6,02 5.17 1,72 1.55 1.00 2.81 62 61 4356
25 <40 L,00 .50 6e85 5465 1458 1480 1le26 2.46 68 470 1.07
¢25 +10 400 .60 5.88 4491 1457 1653 496 2443 66 460  J5C
¢25 +20 400 60 5e¢36 5426 1443 1467 1425 2.99 66 462 W79
«25 40 400 .50 7.50 6.15 1,39 2.04 1.58 2.70 64 JT5 1436
«25 +,20 .00 .70 662 5.87 1.64 1.68 1.38 3.51 .56 464 1.13
e25 440 .00 .70 7.11 6,07 1,38 2.11 2.06 4.01 65 83 1.82
e25 +45 400 .85 6¢18 6409 1462 1493 2,49 3.43 42 74 3449
e25 +60 <00 .85 6¢59 6407 1433 2446 3,22 3.13 49 .90 3.09
e25 20 475 «50 5044 4,62 1492 1.27 472 2497 14 L36 2,21
e25 445 75 85 B.43 6473 1,10 4,54 4¢07 2426 2412 1.55 2424
35 .20 .00 .50 7477 5498 1425 2439 1490 2478 1426 466 1467
¢35 <45 00 85 6¢76 6635 1434 3,32 3,97 2.67 1.29 1,80 4.25
«50 .00 .00 .50 B8e¢14 6e18 1414 2.69 1.96 1e71 1e46 482 2,36
«50 20 400 .50 Beb& 6451 1623 3436 2459 1487 1477 1lel15 2467
«50 440 .00 .50 9¢62 6479 87 4.66 3,70 1.82 2,26 1.47 167
«50 J1C .00 .60 Bebh2 6.68 1420 3,42 2.83 2,37 1.74 1418 2.79
¢50 15 400 .65 7498 6667 1el7 3481 3453 2.22 1477 1423 2.48
«50 <20 .00 .60 B8e34 65432 1413 3,98 3.49 2.49 1.93 1l.42 2.80
«50 420 .00 .70 7¢59 6418 1¢33 4432 3.85 2,03 2.00 1,49 2.19
50 440 400 460 B8.55 6e¢74 1lell 4.69 4,20 2.16 2.27 1.86 5.48
«50 +40 .00 .75 8e12 6491 1.20 5,13 4.85 1.90 2.45 2,44 3.21
«50 40 <00 RO 7¢31 6437 117 5432 5432 1483 2.76 3,00 3.07
50 +45 .CO .85 7.07 6.52 1426 5409 5438 1.99 2.66 3.22 2.869
«50 +20 1.00 .50 8,05 6439 1412 3.13 2,78 3437 1.50 <84 2426
50 440 1.00 .50 Be30 6045 1412 3494 3,27 2413 1,87 1,30 2.27
«50 420 1.00 .70 65095 6.2 1,19 474 4,75 1,97 2.05 2.25 4.02
«50 440 1.00 .70 8e646 6451 1423 3436 2459 1.87 1.77 1.15 2.67
e50 40 1.00 .BO 9eb2 6479 BT 4oe66 3470 1482 2.26 1e47 1.67
¢50 420 2,00 .50 7¢74 6429 1631 2.46 1,96 2446 1415 51 1le48
50 440 2.00 .50 BeCl 6016 1615 3429 2.74 2633 131 485 2472
50 20 2.00 .70 7¢53 6439 1416 3,56 3.58 2.61 1427 94 3479
50 40 2.00 .70 7.17 5.90 1.33 3.98 3,80 2.39 1.39 l.14 3.00
75 20 2.00 «50 Bed3 6073 1e10 4454 4407 2426 2412 1455 24264
eT75 <40 2.00 .50 Te6b 6427 1620 4426 3470 1.87 1.83 1.31 2.76
75 20 3.00 .50 7.646 6427 1420 4¢26 3470 1487 1,83 1,31 2.7%
o75 40 3.00 L50 7.65 6432 1,04 5415 4436 185 2443 1491 2445
1.00 .20 3,00 .50 6.84 5,53 1.24 4.14 3,65 2.08 2.31 1.72 2.0¢
1.00 .40 3.00 .50 8,08 6.44 1415 5.46 4447 1,78 3.14 2,43 1.9¢
1,00 .20 3.00 .70 6650 5472 1446 511 4476 1.76 3.04 3.03 2.98
1.00 .40 3,00 .70 6682 5477 1e31 5.78 5425 1475 3.71 3.54 2.41
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Summary Statistics from 1000 Traces for the Number of Critical

Periods per 40 Year Long Trace for FFGN and Markov Models.

GENERATOR PARAMETERS

cv

25
25
25
25
25
25
25
25
25
25
25
25
35
35
50
«50
«50
50
50
«50
«50
50
50
«50
50
«50
«50
«50
«50
50
50
«50
50
50
75
75
o715
75
1.00
1.00
1.00
1.00

Y

«00
«20
40
«10
20
040
«20
40
45
60
e 20
«45
«20
45
.00
«20
+ 40
.10
15
20
«20
.“0
40
040
045
20
%0
«20
«40
%0
« 20
40
« 20
40
20
«40
«20
«20
«40
«20
°40

G

.00
GO
.00
.00
.00
.00
.00
.00
.00
.00
.75
.75
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
1.00
1.00
1.00
1.00
1.00
2.00
2.00
2400
2.00
2.00
2.00
3.00
3.00
3.00
3,00
3,00
3,00

H

«50
50
«50
60
60
60
«70
«70
«85
« 85
50
«85
*50
«85
«50
50
«50
«60
55
260
70
«60
75
80
«85
«50
«50
70
«70
«30
«50
50
70
70
«50
50
50
«50
50
«50
.70
70

NUMBER OF CRITICAL PERIODS

DEMAND = 0.9y

Mean

646
540
4442
5.56
5.09
4.10
4.72
3.82
3.5%55
277
549
4.03
4,€9
3,44
5434
4.55
3.71
4.71
4.65
4.28
LXPL
3.€6
3.¢€6
3.31
3.30
4.58
3.78
3.39
3.34
3.71
4.59
3.67
3.53
3.38
3.92
3.30
3.76
3,21
4.65
3.€60
4.14
3.31

S.D.

1.8
1.81
1.67
1.94
1.79
1.68
1.92
1.64
1.89
1.49
1.82
2.12
1.87
1.83
2.13
2.01
1.72
2.03
2.25
1.95
2.06
1,73
1.88
1.82
1.78
2.03
l1.82
1.87
1.75
1.86
1.98
l.74
2415
l.76
2.04
1.72
1.88
1.65
2.C3
l1.70
2.20
l1.72

Skew

-.07
«06
«20
<07
«01
34
24
32
+39
56
15
«37
07
42
17
«30
49
16
«20
022
«35
51
o4l
52
.49
«37
b4
56
048
«35
20
40
049
59
59
«59
e 50
b1
27
«50
o4l
63

DEMAND = 0.7y

Mean

4.03
3.52
3.14
3.71
3.42
3.00
3.28
2.71
2.39
2.01
3.05
5.21
517
3.22
6.75
5.90
4.70
593
5.73
5.43
4.98
4,33
4.28
3.74
3.63
6.06
4,97
3.93
4,18
l1.81
6.10
5.00
530
4.17
5.87
4,76
5.98
4.59
6.08
4.66
519
3.97

S.D.

1463
1.55
1.48
1.70
l.61
1.47
1.74
1.53
1.87
1.59
1.53
1.82
1.60
1.85
1.60
1.63
1.55
1.72
1.75
l1.66
1.76
1.55
1.77
1.75
1.78
1.62
1.53
1.70
l.56
l.68
1.63
1.53
1.78
1.50
1.79
1.67
1.79
l.64
l1.79
le66
2.04
1.69

Skew

.28
29
«34
27
32
24
°38
35
«59
«57
o4l
«10
«26
32
«02
10
.28
ell
.00
«20
15
28
«30
¢33
.28
.07
«36
«31
«13
e 94
15
°18
16
24
-.08
«16
"005
014
-.02
ell
-,01
«42

DEMAND = 0.5u

Mean

« 94

L

3

92

.85

77

T4

75

54

«50

15
3.80
2461
1.65
5.08
4,59
3.91
4.57
455
4.31
4.13
3.55
3.56
3.27
2.94
4.18
3.52
2496
3.20

«05
2.81
2446
2.568
2.18
593
4.70
5.€4
b7
6.36
4,93
539
bo.1l4

S.D.

e 96

92

«89

+95

32

92

32

.93

«93

86

«40
1.87
1.39
1.56
1.72
1.63
1.50
1.70
l.84
1.65
1.34
1.53
1.74
l.7€
1.91
1.58
1.49
1.84
1.67

25
lebd
leb4
1.69
1.46
l.61
1.4¢
1.65
1.5¢
1.62
1.5¢
1.8C
1.59

Skew

87
.93
93
56
1.05
1.17
1.32
1.30
2.30
1.69
2452
32
43
1.01
13
22
«1C
21
e 36
.19
«2C
«3C
22
«30
bl
«13
17
«50
«31
5404
32
54
56
«55
22
27
06
24
«06
«31
.1C
ol6
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4.5  Summary

Operational comparisons of FFGN and Markov flow generation models were
made to examine the relative importance of the form of the generated flows
to "project planning". An integrated index, the storage that would be needed
to satisfy a given (constant) demand, was used for comparison purposes. It
was convenient to make use of the Extreme Vaiue Type I probability digtri—
bution to describe experimentally generated storage values resulting from a
given generation scheme and demand pattern.

It is clear that flow populations having high H (H 30.8) cannot satisfy
large demands (D* R0.7) at any generally accepted reliability level unless
infeasibly large storage facilities are wused. The important implications
of this result for long-term water resource planning are readily apparent.

It was found that for three parameter log normally distributed annual
flows (for which the normal distribution is a special case) p, G, H and CV
were all important when coupled with various values of D* to determine
storage needs. TFor H x 0.7, o, G and CV were extremely important in influ-
encing storage needs. Very little attention had previously been directed
towards the importance of p and G in flow generation schemes that modeled
long term persistence (H). Because p is sometimes important in storage
studies current versions of FFGN may have severe limitations in practical
applications because of restricted feasible combinations of p and H (Figure
2.2).

The practical importance of obtaining the complete distribution of
storage rather than a few low moment summary statistics is evident. Study
of the cumulative distribution shows the importance of p, G, CV and H. The
importance of these parameters was predicated upon use of the SPA which provides
a conservative assessment of storage needs. The SPA does, however reflect the

strong flow-demand coupling of interest in practice.
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The importance of the parameters CV, p, G, and H depends on their
relative levels. We have shown situations where substantial changes in p
make little difference at all compared with the impact of H. In other situ-
ations CV is quite important relative to H and p. 1In other cases G is of
considerable importance. Thus different degrees of precision are needed in
estimating CV, p, G, and H depending on the magnitudes of the parameters and
on the demand levels. Generally, however, it appears to be necessary to
accurately identify CV, p, G and H. The economic implications of use of an
improperly identified model are evident from the differences in number of
critical periods and relative lengths of below demand (and presumably above

demand) level flows.






5. OPERATIONAL COMPARISONS: ARMA AND FFGN MODELS

5.1 1Introduction

0'Connell (1971) originally proposed the ARMA (1,1) (hereafter re-
ferred to as ARMA) model as a simple method of representing the Hurst effect.
In more recent work (O'Connell, 1974) he developed the approximate expected
values, based on Monte Carlo techniques, of the Hurst coefficient and lag one
correlation coefficient as a function of the generation parameters, ¢ and 0,
and the record length, n. The primary advantage of the ARMA model is its com-
putational simplicity; as yet, however, a comparison of the quality of simu-
lation yielded from the ARMA model and its more cumbersome cousin, FFGN, has
not been made.

The results of Chapter 4 suggest that an effective comparison of the pro-

perties of FFGN and ARMA generated sequences can be made via the storage-

probability curves resulting from use of each generator for identical demand

conditions. Because our earlier results had shown that parameters other than
H can be quite important in storage design, it was decided to perform limited
Monte Carlo tests comparing ARMA and FFGN models for different values of CV,

p, G, and H. Nine (9) sets of parameters were used in these comparisons.

The procedure used was as follows: FFGN traces were generated with popu-
lation values of H and p. ARMA traces were then generated with ¢ and 6 inter-
polated from Table 2.2, and were chosen such that equivalent population values
of p and large sample expectations of H results. The comparison of H required
the use of large sample expectations since a population value of H does not
exist for the ARMA model. The behavior of E(H) typically shows two phases.
For small n, it either increases (large H) or decreases (small H) with n, then
ultimately decays to 0.5 for extremely large n. The initial phase corresponds
to reduction of bias with increasing sample size, whereas the secondary decay

corresponds to the ultimate influence of the Brownian property of all ARMA

models. The value of H used here was the value of ﬁ'reported in Table 2.2,
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which is the Monte Carlo estimate of the expectation of H for sequences of

length 9000. In most cases, this sample size appears to approximately corres-—
pond to the region separating small and large sample behavior of K, the sample
estimate of H.

In the cases where G # 0, the skewed marginal distribution was modeled
using a three parameter log normal distribution. In these cases, values of
¢y and 6 were obtained from Appendix B. The parameter combinations used in
this chapter are given in the first four columns of Table 5.1.

Storage probability curves were constructed following the procedures
outlined in Chapter 4. Summary statistics of the same features of simulated
flow (number of critical periods, length of most severe and longest critical
period, and refill time following the most severe and longest critical period)

~ that were discussed in Chapter 4 are given in Tables 5.1-5.5. Properties of
the storage-probability plots are discussed in Section 5.1 below. Section
5.2 gives a method for initializing ARMA(1,1) traces, while critical period
information is analyzed in Section 5.3. Finally, Section 5.4 summarizes the

findings of this operational comparison of ARMA and FFGN flow generators.

5.2 Computational Considerations

In creating an empirical probability-storage diagram, it is necessary to
generate a large number (in this work, 1000) of synthetic streamflow traces,
each trace yielding one value of storage for inclusion in the diagram. One
possible way to do this is to create one very long synthetic trace, then to
use segments of this long trace (say of length 40) as the individual traces.
This technique has the disadvantage that the traces are highly dependent which
may result in a poor estimate of the storage distribution. A conceptually
superior method is to generate independent traces by initializing each trace
with a random number. In the case of Lag one Markov generation, if the process

2
variance is 9 the apparent initial value of the sequence X may be established
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by simply drawing an initial value of X from a random ﬁumber generator with
the appropriate mean and normal marginal probability distribution and with
variance ci. The subsequent values are then derived using the definition of

the Lag one Markov generating process:

Regp ~ P& e+ (5.1

This initialization procedure is valid for FFGN as well, since the FFGN
generator consists of the sum of a number of Lag one Markov processes, each of
which may be initialized using this method.

In the case of an ARMA(1l,1) generator, some care must be taken in initial-
izing the sequences. The naive approach is to follow the method used for
Markov sequences, i.e., to initialize with an independent random number with
appropriate mean and normal marginal probability distribution and with initial

] 2 2 . . . .
variance Oo = O- However, if this procedure is used, i.e.,

Xk+l = ¢Xk + €41 ~ Gek k =o0 (5.2)

the process variance becomes (assuming a zero mean process)

2

Var(Xk+l) = E[Xk+lxk+l] = ¢2E[Xi] + E[ek+l] + 62E[ei] (5.3)

. e v . . 2
Now, if the initializing variance is denoted o, and the random component € of

eq. 5.2 has variance 05, then

2 2 2 2 2
Var(Xk+1) = ¢ o + o, + 6 08 (5.4)

Also, assuming the validity of eq. 2.25 (which is of course correct if the

initialization is proper),

4 o2 (5.5)
£

2 2
22 (+e7)(1-87) 2
Var(Xk+l) = ¢ o + 1+92_2¢e g,

The difficulty with this approach is that it assumes that Xk and £, are
uncorrelated, which is of course not the case. In fact, it may be easily shown,

using the definition of the covariance of Xk and €10 that
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2 2
Cov(Xi,ek) = E(xk+l€k+1) = E(ek+1) = o (5.6)
or
%%
°xe ~ o (5.7)
X

Incorporation of the proper correlation in the initializing results in

X = b ¢ +v/ l—pr vo] (5.8)

o Xe Xe o

T s

where €5 and v, are independent normally distributed random variates both
. 2
having mean zero and variance 0.3 subsequent values of the process are generated

as

Ker1 = 0% Fepyg T Oy

k>1 (5.10)

The proper variance of X is now preserved for all k>1.

Xo is normally distributed with variance oi = oi and following eq. 2.25

1- 42

2 2
1+ 6 - 2¢6

€ (o]

¢}

( ) (5.11)

A straight forward calculation will demonstrate that

Var(Xk), k>1 = Gi as desired.

Use of the proper initialization scheme becomes increasingly important
as H (hence also ¢) increases. For small values of ¢, an alternate initiali-
zation procedure is to use a "warmup period" to allow initialization effects to
die out. However, this method will be ineffective when ¢ becomes larger than
about .8, and in any case the procedure outlined here is superior in that no
warmup is required. It should be noted that the effect of using the incorrect
initialization procedure is that the initial variance will be too high, which
has the effect (especially when ¢ is large) of producing traces with sample

means which vary too greatly from the process mean. The result is that
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spuriously high storage requirements are suggested. This problem will not be

encountered if the initialization method given above is employed.

5.3 Comparison of Storage Distributions

In each of Figures 5.1-5.9 the storage distributions corresponding to
D* = D/uX = 0.9, 0.7, and 0.5 are given for both ARMA and FFGN models. FFGN
results are shown as solid lines, ARMA results are shown as broken lines. 1In
all cases the theoretical distribution describing the numerically generated
data is given. Where theoretical results poorly matched the experimental data
comparably bad fits for both generators resulted. In these instances (which
are noted on the relevent figures) qualitative comparisons are used.
Figures 5.1-5.9 are arranged in increasing sequential order of CV, p, G,and H.

Generally the storage-probability curve resulting from ARMA generation
very nearly coincided with the FFGN curve with notable exceptions shown in
Figures 5.2,and 5.9. In the other seven cases that were examined, distinct
differences in storage-probability distribution between the two models are
not obvious; the discrepancy between curves in these cases may be accounted
for by estimation error and error in interpolating values of ¢ and 6 from
Table 2.2. The FFGN sequences were generated using population values of p
and H; the ARMA sequences used interpolated values of 6 and ¢ which were
assumed to give population values of p and "psuedo population' values of H.
The results shown by O'Connell (1974) concerning bias in H from the ARMA
model point out the difficulty in choosing appropriate model parameters.
The discrepancies in Figure 5.3 resulted from operational difficulties.
Because of restrictions on the feasible range of parameters for the two
models (see Figures 2.2 and 2.3) it was only possible to model H = 0.65,
p = 0.15 via FFGN while the equivalent model used H = 0.65 and p = 0.10 for
ARMA generation. Some of the differences in the curves of Figure 5.3 may be

attributed to the differences in p.
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Generally for H in the vicinity of 0.7 ARMA and FFGN models yield in-

distinguishable results (Figures 5.3-5.6) irrespective of the values of the
other parameters. Figure 5.7 with H = 0.75 shows some possible model differ-
ences. It is still possible, however, that most of the differences could be
ascribed to estimation and interpolation problems.

Figures 5.2 and 5.9 (H = .85), show areas of substantially different

model behavior. In neither of these cases did the extreme value distribution
adequately describe the generated storages. The straight lines shown do,
however, adequately represent the form of the distributions for purposes of
comparison. Figures 5.2 and 5.9 show that for H = .85, and CV = .20 and .50,
respectively, the results of the two models diverge significantly. Other test
runs covered this range of CV without showing significantly different results
between models. Thus, it appears that modeling of sequences with H v .85 needs

to be checked carefully in the future to see which (if either) model is correct.

5.4 Comparison of Critical Period Information

Tables 5.1-5.5 contain the same form of summary information given in
Tables 4.2-4.6. To facilitate comparisons between the two generation schemes
both ARMA and FFGN critical period information is given in each of Tables
5.1-5.5. Tables 5.1 and 5.3 summarize lengths of most severe and longest
critical periods respectively; Tables 5.2 and 5.4 give the corresponding
reservoir refill time information. Table 5.5 summarizes the number of criti-
cal periods per trace for each of the 9 different sets of flow generator para-

meters used. Each summary statistic resulted from 1000 independent observa-

tions.

5.4.1 Length of the Most Severe Critical Period:
Tables 5.1 and 5.3 show very small differences between the lengths of

the most severe and the longest critical periods per trace respectively.
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1

Discussion will therefore be limited to Table 5.1. Consider first the two
cases where the storage distributions differed markedly,viz: Figures 5.2

and 5.9 corresponding to parameters listed in rows a and c in Table 5.1.

In rows a and c the ARMA models gave rise to critical periods which were
longer on the average by about 1 and 2 years respectively and exhibited more
variability between traces than was the case with FFGN generated sequences at
D* = 0.9; proportionate differences occurred at lower demand levels. While
differences between the two models were observed in Figure 5.8 the correspond-
ing critical period length summary information (row b) does not exhibit sub-
stantial differences. The distribution of the length of the most severe criti-
cal period does, however, exhibit slightly greater variance for the ARMA case
which partially explains the larger ARMA storage needs in Figure 5.8. 1In the
remaining situations the differences between the models are minimal except for
row d.

Row d corresponds to Figure 5.5 which shows areasonably good agreement
between models. It was quite surprising, therefore, to find longer and more
variable severe critical period lengths for the FFGN sequences than for the
ARMA sequences. Results for sequences with skew varying and all other para-
meters held constant agree quite closely for both ARMA and FFGN models. It
appears then that the critical period statistics are not always a good index

to differences in the storage-probability distributions.

5.4.2 Refill Time Following a Severe Critical Peridd

Tables 5.2 and 5.4 summarize the number of periods needed for a reservoir
to fill following the most severe and the longest critical periods per trace,
respectively. There are small differences between the two tables so only
Table 5.2 is discussed. The same comment concerning truncation of the refill
time that was made in Section 4.4.3b is relevant here, hence, the summary

statistics are expected to understate actual refill times.



83

Similar observations to those made in Section 5.4.1 concerning rows a and
¢ of Tables 5.2 and 5.4 can be made. It appears that with H v 0.85 the ARMA
and FFGN models behave quite differently with the ARMA model overemphasizing

the importance of long-term persistence. Unanticipated differences are again

obvious in row d.

5.4.3 Number of Critical Periods

Table 5.5 summarizes the number of critical periods (NP) to be expected
in any 40 year Trace for three different demand levels. This table shows
that differences in NP are not as noticeable between the two models as were
differences in critical period lengths and refill times (Table 5.1 and 5.2).
Row d does, however, show substantially different model behavior. The most
remarkable differences occur at D* = 0.5 and D* = 0.7. This might suggest
that the models represent the Noah effect in substantially different ways

for this particular parameter combination. Apart from this observation it

appears that both models give rise to about the same average value for NP but
that the variance of NP is usually larger for ARMA generated sequences.
These differences might well be of greater importance in an economic analysis

as opposed to the physical analysis carried out here.

5.5 Summary

The objective of this chapter was to compare ARMA and FFGN generation
schemes on the basis of storage-probability distribution and critical period
statistics. It appears that for H < 0.8 the two models yield essentially the
same cumulative probability distribution of storage needed to satisfy a
specified demand sequence. For the cases where almost jidentical distributions
resulted there were some small differences in the distributions of numbers of
critical periods, length of most severe critical perio&g and refill time

following the most severe critical period.
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Table 5.1. Summary Statistics from 1000 Traces for the Length of the Most
Severe Critical Period per 40 Year Long Trace for ARMA and FFGN

Models.
ENERATOR PARAMETERS LENGTH OF MOST SEVERE CRITICAL PERIOD _
¢ DEMAND = 0.9u DEMAND = 0.7y DEMAND = 0.5u
cv P G H Mean S.D. Skew Mean S.D. Skew Mean S.D. Skew
ARMA

«2% 20 .00 .70 Bs98 8426 1e46 1,74 1,65 4.57 60 +61 .73
ao25 065 .OO 085 12.50 13.07 093 3.32 6.24 3.50 071 2007 9566
e50 10 <00 o465 11451 8465 1,00 4428 3,82 2,15 1.99 1.51 2.92
¢e50 420 00 70 13432 9,75 +86 5450 511 1489 2.50 2432 2.92
050 ¢40 o000 75 14,42 10,09 72 7403 6,81 1472 3.27 3.64 2.87
be50 o440 00 80 14,73 12.09 71 7.45 8.60 1.77 3424 4.59 3.33
Ce50 <45 00 85 15.79 14,02 +448 844210649 1,54 3439 5.74 3.51
de50 020 1.00 «70 14415 10432 o83 5461 564 2.13 1.90 1.63 3.05
¢50 420 2.00 +70 15,91 10,38 63 5435 493 2.39 139 1l.11 3469

FFGN

25 420 00 .70 Bebb TeB3 1lobh 1.77 1.42 2.44 56 63 1.13
3¢25 045 «00 ¢85 10456 10437 1.27 2.10 3.00 3.74 «42 JTE 6456
50 +15 400 ¢65 11e74 9439 1,14 4+36 4,18 2.61 2.05 1.58 3.55
50 .20 .00 .70 13,15 10.11 .93 5,25 5.05 2.49 2.41 2.25 3.74
e50 +40 <00 «75 13463 10444 o490 6425 6440 2,23 2.93 3,01 3.00
be50 440 +00 ¢80 15.16 11,84 466 T¢60 8409 177 3,40 4416 3.59
Ce50 45 00 ¢85 14455 11486 75 7604 7487 1492 3422 4427 3.32
de50 620 1600 «70 16443 11,70 456 7419 7.38 2.01 2.64 3,02 3.62
50 420 2.00 .70 16.31 10.66 <63 5.73 5.10 2.09 1l.54 1.21 2.19
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Table 5.2. Summary Statistics from 1000 Traces for Reservoir Refill Time
Following the Most Severe Critical Period per 40 Year JLong Trace
for ARMA and FFGN Models.

GENERATOR PARAMETERS REFILL TIME AFTER MOST SEVERE CRITICAL PERIOD
DEMAND = 0.9u DEMAND = 0.7y DEMAND = 0.5u
cv G H Mean S.D. Skew Mean S.D. Skew Mean S.D. Skew
ARMA

25 420 L,00 .70 66€6 5.48 1,49 1,90 1.56 2,47 63 .66 1,00
ae2% 45 L00 .85 5¢31 5482 1.75 2.63 4.14 3,00 067 1458 6,99
50 410 .00 465 Be75 6451 1413 3,94 3,33 2,32 1,92 1,37 2.59
50 .20 .00 .70 Be€7 6458 1,00 4e87 4,33 1,97 2.18 1.68 2.62
50 40 ,L00 .75 Be€O 6444 494 5,72 4494 1473 2,74 2,51 2.83
be50 440 .00 .80 7413 6443 1437 5416 5433 1483 2,52 2.95 2.94
Ce50 <45 400 .85 7¢81l 6409 1456 4488 5,50 1480 2,76 3.78 2.93
d «50 420 1.00 .70 Te7?5 6433 1419 4,19 3,99 2,41 1,73 1.34 2.60
30 .20 2.00 .70 Te50 5.95 1423 3,56 3,52 2.58 1.22 .76 2.40

FFGN

25 420 .00 .70 7¢10 6,00 1662 1486 1,44 2.99 58 .68 1.19
ae2% .45 400 .85 6.53 6.14 1.58 2.04 2.50 3.26 42 T4 3,31
50 15 .00 .65 Be57 6470 1412 4418 3,57 2422 1492 1423 2.03
«50 420 .00 .70 7e92 6414 1431 4,66 4400 2429 2,17 1.50 1.96
¢50 40 .00 .75 B8e55 T4C4 1e18 5433 4,72 1494 2.61 2.45 2,12
be50 440 .00 .80 756 6438 1419 5457 5430 1482 2.92 3.05 3.05
ce50 +45 00 .85 Te34 6460 1,27 5.24 5438 1,98 2.80 3.21 2.84
de30 420 1.00 .70 Te09 6421 116 4,99 4.B7 2,04 2.12 2.24 3.98
50 +,20 2.00 .70 TeT5 6038 1lelé 3,79 3,64 2,58 1432 .97 3.42
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Table 5.3. Summary Statistics from 1000 Traces for the Length of the Longest
Critical Period per 40 Year Long Trace for ARMA and FFGN Modéls.

GENERATOR PARAMETERS LENGTH OF LONGEST CRITICAL PERIOD

DEMAND = 0.9u DEMAND = 0.7y DEMAND = 0.5u
cv o] G H Mean S.D. Skew Mean S.D. Skew Mean S.D. Skew
ARMA

25 +20 «00 .70 9,36 8,05 1,50 1,91 1.68 4,20 61 463 .83
025 o445 00 485 12,68 12.96 .93 3.43 6.24 3.46 «74 2.09 9.29
50 <10 .00 465 11465 837 1404 4468 3468 2.17 2417 1450 2.76
050 020 400 <70 13,68 9,48 491 5.86 4496 1,94 2.69 2,30 2.83
50 ¢40 400 o75 14459 9.96 +73 7428 6470 1,73 3,41 3,61 2.86
50 o490 00 ¢80 14493 11,93 o472 7.67 8451 1.78 3,40 4,57 3.29
50 +45 .00 85 16,00 13,86 .49 8,6410.40 1.53 3.55 5,73 3.46€
50 ¢20 1.00 «70 14,42 10,10 .86 6.00 5,49 2415 2.10 1ls66 2474
50 420 2400 o70 16019 1016 <65 5476 4¢8l 2,40 1.48 1.14 3.29

FFGN

25 20 .00 .70 8.99 T.65 1,47 1.93 1,45 2.17 56 465 1.12
025 45 <00 o485 10479 10,25 1.27 2.20 3,00 3,67 e43 78 4,35
e50 15 «CO 65 12.17 9,10 1418 471 4,07 2.85 2.26 1.59 3.26
e50 ¢20 400 «70 13,50 O9.E7 495 5461 4497 2447 2463 2423 3.4
50 40 00 o75 13,88 10425 +93 6457 6432 2.22 3.12 3,01 2.90
50 40 L00 80 15.33 11.70 .68 7T.87 7.99 1.76 3.55 4.16 3.53
50 45 <00 ¢85 14473 11.73 76 7419 761 1493 3,36 4.24 3.29
50 020 1.00 70 16461 11454 o58 7449 7.31 1469 2.76 3401 3.57
«50 420 2,00 «70 16458 10.44 <66 6408 5,03 2,06 1465 1+25 1.91
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Table 5.4. Summary Statistics from 1000 Traces for Reservoir Refill Time
Following the Longest Critical Period per 40 Year Long Trace
for ARMA and FFGN }Models.

GENERATOR PARAMETERS REFILL TIME AFTER LONGEST CRITICAL PERIOD
DEMAND = 0.9u DEMAND = 0.7u DEMAND = 0.5u
cv p G H Mean S.D. Skew Mean S.D. Skew Mean S.D. Skew
ARMA

25 .20 .00 .70 6.29 5.50 1.48 1.71 1.45 2,80 62 66 1.22
e25 45 L00 .85 5013 5.80 1.78 2.52 4.10 3,12 «63 1.54 7.54
«50 <10 L00 .65 8¢30 6451 lell 3466 3,38 2.36 1,75 1429 2.79
50 20 .00 .70 Bebd 6467 1400 4¢55 4437 2402 1.97 1,63 2,89
50 <40 .00 .75 Be@3 6450 4«95 5,41 4497 1,74 2.60 2.52 2.90
50 .40 .00 .80 687 6438 1.36 4.88 5,31 1.89 2.£6 2.98 2.83
e50 +45 .00 .85 5055 6010 159 4¢67 5,52 1486 2454 3,65 3.05
50 420 1.00 .70 7e52 6635 1420 3483 3,96 2.58 1.58 1.24 3,01
«50 .20 2.00 .70 Te21 5478 1412 3635 3645 2457 117 473 2.77

FFGN

25 420 .00 .70 662 5,87 l.64 1.68 1.38 3,51 «56 64 1.13
«25 45 <00 .85 6¢18 6409 1462 1693 2.49 3,43 042 JT& 3,49
¢50 15 <00 o465 Te98 6467 1el7 3,81 3,53 2,22 1.77 1.23 2.4E€
50 .20 .00 .70 9 6418 1433 4,32 3.85 2.03 2.00 1.49 2.19
50 <40 .00 .75 8412 6491 1,20 5413 4485 1,90 2.45 2.44 3,21
¢50 <40 .00 .80 Te31 6037 1417 5¢32 5632 1483 2476 3.00 3.07
«50 <45 .00 .85 Te07 6¢52 1626 5409 5438 1.99 2.66 3.22 2.89
50 420 1.00 .70 6695 6624 1el9 474 4e75 1497 2405 2.25 4.02
«50 ,20 2.00 .70 Te53 6439 1e16 3,56 3.58 2.61 1.27 .94 3.79
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Periods per 40 Year Long Trace for ARMA and FFGN Models.

GENERATOR PARAMETERS

cv

25
a.ZS
50
50
50
be50
c.50
de50
«50

25
3025
50
50
50
be50
0.50
de50
«50

p

«20
45
«10
20
«40
40
45
«20
«20

«20
045
15
20
040
40
45
«20
20

G

«00
«00
.00
«00
«00
«00
«00
1.00
2.00

.00
«00
«00
«00
«00
.00
«00
1.00
2.00

H

70
«85
65
«70
75
«80
«85
«70
70

70
* 85
65
70
75
«80
«85
70
70

NUMBER OF CRITICAL PERIODS

DEMAND = 0.9u

Mean

©4.86
3.15
4.75
4.21
3.52
3.€2
3.38
4.61
4.32

4.72
3.55
4.65
.14
3.€6
3.31
3.30
3.39
3.93

S.D.

2,01
2.05
2.22
2,15
1.85
2.04
2.19
2.33
235

1.92
1.89
2.25
2.06
1.88
1.82
1.78
1.87
2.15

Skew

ARMA

11
57
21
«40
53
53
59
«33
40

FFGN

.24
39
.20
.35
cbb
52
e49
54
«49

DEMAND = 0.7y

Mean

3.52
2.37
5.97
5429
4.05
4.05
3.55
5.56
5.78

3.28
2.39
5.73
4.98
4,28
3.74
3,63
3.93
5.30

S.D.

1.89
2.13
1.80
l1.87
1.75
1.97
2.17
1.85
1l.92

l.74
1.87
1.75
1.76
1.77
1.75
l.78
1.70
l.78

Skew

45
«93
04
10
36
24
¥4
.11
«03

«»38
59
«00
15
«30
«33
28
31
16

Summary Statistics from 1000 Traces for the Number of Ctitical

DEMAND = 0.5u

Mean

«89

79
4,81
4.37
3.43
3.51
3.19
3.99
2.84

74

o546
4.55
4.13
3.56
3.27
2.94
2496
2.68

S.D. Skew
1.08 1.35
1.35 2.11
1.83 .09
1.90 .29
1.71 .33
2.09 .29
2439 J44
2.02 .31
1.81 .65

«92 1.32

«93 2.30
l1.864 .36
1.84 420
1l.74 22
1.76 .3C
1.91 .41
l.84 450
1.69 .56



89

The comparisons reported in this chapter were made on the basis of ﬁ; a
moderate sample size expectation of H. The inability to use a population
value of H in ARMA generation may account for some of the discrepancy in re-
sults between the two models. Another possible source of the discrepancy is
found in the FFGN approximation of FGN. Table 2 of Mandelbrot (1971) shows
that the autocorrelation function of FFGN first begins to showa large discrep-
ancy from that of FGN for H between .8 and .85. The discrepancy at lag 40 for
H = .85 is about 10%, as compared to only about 47 at H = .80. Since the
autocorrelation at large lags is principally responsible for the Hurst effect,
this may explain the difference in the FFGN and ARMA model results observed
here. Nevertheless, it is unlikely that a 10% error in the large lag auto-
correlation function could explain the differences in storage requirements
observed in Figures 5.2 and 5.9.

Based on the results of this chapter, it appears that on a physical
basis ARMA models can be adequately substituted for FFGN when typical annual

values of p, G, and CV are encountered provided that H is less than about 0.8.

ARMA generated traces are almost an order of magnitude faster than FFGN to
compute. While FFGN generation does not require inordinate amounts of com-
puter time the time savings possible with ARMA generation may well be import-
ant when extension to a multisite (or multivariate) problem is required.

In typical computer runs FFGN analysis required approximately 190 central
processor (CP) seconds (CDC 6400) while ARMA analyses required about 65 CP
seconds. In these computer runs 1000 flow sequences of length 40 were genera-
ted, sequent peak storage analyses were performed on each trace for three
different demand levels and the resulting storages were analyzed preparatory
to obtaining storage probability diagrams. The difference in CP seconds, i.e.,
125 CP seconds, represents the incremental time FFGN generation required be-

yond ARMA generation time for these runs.






6. CONCLUSIONS AND RECOMMENDATIONS

6.1 Limitations of Results

The conclusions of this work must, of course, be conditioned on the
assumptions made. It will be recalled that the comparisons of flow genera-
tors have been made entirely on a physical basis, in particular, distributions
of required storage for each given set of parameters for each model based on
the Sequent Peak Algorithm provided the basis for the comparisons. This
choice was imposed by computational considerations; use of economic criteria
would have required routing each synthetic trace through an allocation model
to optimize economic benefits; the distribution of economic benefits then
could have provided an economic basis for comparison. Even the simplest eco-
nomic optimization models, however, are much more expensive to use than the
Sequent Peak Algorithm (SPA). To some extent, the physical size required
based on the SPA should provide an index to economic benefits, the extent to
which this might be done must await further research, however.

It should also be noted that the demand pattern has been assumed constant
(although the demand level was varied for different runs), and that the
bperating life was held fixed at forty years. While the choice of operating
life and demand pattern is expected to affect the magnitudes of the storage
distribution curves, the qualitative differences are unlikely to be affected
for other demand patterns and operating lives not drastically different from
those used here.

Finally, all comparisons were based on an annual model, so the results are
strictly applicable only toover-year storage problems. The results should,
however, give an idea of the relative importance of parameters in a within-
year generation problem. Quantitative results for the within-year problem

would, of course, require further experimentation.
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6.2 Conclusions
Subject to the limitations of the research, the results of Chapters 4

and 5 suggest the following conclusions:

1. Correct modelling of long term persistence (Hurst effect) will not in it-
self guarantee an accurate estimation of the storage distribution needed to

satisfy a specific demand pattern. A careful analysis of the relative import-
ance of parameters of the marginal distribution (CV and G) as opposed to per-

sistence (p and H) must be made, as well as between short and long term per-
sistence (p and H, respectively). The marginal distribution parameters CV and
G are much more important, even in cases where substantial long term per-

sistence is present, than had earlier been thought.

2. The autoregressive moving average (ARMA) model proposed by O'Connell (1974)
was found to give essentially identical storage distributions to the FFGN
generator for H < 0.8. For larger values of H, the storage distributions di-
verge rapidly. The reason for this divergence is not known; however, since the
FFGN model has received wider use than the ARMA approximation, use of the FFGN

model is recommended when H % 0.8.

3. The constraints on feasible combinations of p and H for both the ARMA and
FFGN models impose severe limitations on the use of both models. This is
especially true in annual generation for parameter combinations where both p
and H have substantial effects on storage distributions. This problem may be
alleviated somewhat since the feasible ranges are different for the ARMA and
FFGN models, hence a desired parameter combination may be feasible for one
model but infeasible for the other. However, there is a large region in p-H
space where p is relatively small and H moderate to large (a combination fre-

quently encountered in operational situations) where neither model is feasible.
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At present an approximate empirical accomodation of this problem is to adjust

the parameters of the marginal distribution (CV or G) in such a way as to

compensate for this deficiency. This procedure could not, however, be

recommended for multisite application.

6.3 Recommendations

1. The method used in this research should be extended to within-year storage
problems, possibly through use of the Valencia and Schaake (1973) disaggrega-
tion scheme. The utility of the results would thereby be greatly enhanced,

as most existing reservoirs are used to provide within-year flow buffering.

2. Extension of either (or both) the FFGN model or the ARMA model to include
a greater region in p-H space is recommended. A possible approach is to
approximate the autocorrelation function of FGN in the same way as the FFGN
model, using several ARMA (of any necessary order) components to approximate
the low frequency component while leaving a larger portion of the covariance
to be taken up by a high frequency term. Alternatively, sampling from the
spectrum as proposed by Mejia and Rodriguez (1974) or use of a linear filter
approach (Borgman, 1969) might provide synthetic sequences with the required

autocorrelation function.

3. Further comparisons of the ARMA and FFGN models are needed to determine
the reasons for the divergence of the storage distribution curves for

H i 0.8. In connection with such comparisons, it would be extremely useful
to develop an equivalent population H value as a function of ¢ and 6 for the
ARMA model. While this does not appear possible for the pure ARMA model,

use of a process which is the sum of a Lag one Markov process and an ARMA(1l,1)
process shows great promise in that an equivalent population H value can be

derived for such a process.
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4. It would be extremely useful to determine the extent to which the physical
comparisons used in this work (and frequently in reservoir sizing problems)
can provide an index to differences in economic benefits computed using the
two models. Given the computational expense of economic operation models, a
possible approach might be to use a stratified sampling approach, where the
synthetic traces corresponding to several reliability levels on the empirical
storage-distribution plot would be routed through an economic model. 1In this
way, an idea of the extent to which the physical comparisons could index

economic differences might be given.
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APPENDIX A: VALUES OF HURST COEFFICIENT FOR USE IN APPROXIMATING THREE
PARAMETER LOG NORMALLY DISTRIBUTED SEQUENCES OF FRACTIONAL
GAUSSIAN NOISE

A.l1 Description of Table A.1

The values in Table A.1 may be used to determine the required value of
Hurst's coefficient in the Y (normal transform) domain which will yield a de-
sired approximation to FGN in the X (untransformed) domain when a three para-
meter log normal marginal probability distribution is desired for synthetic
flow generation. The tabulated relationships were derived using equation
3.6, which equates the correlation coefficients in the theoretical FGN and
transformed approximations at lags one and any arbitrary lag k, hence the re-
quired inputs include the value of k as well as the desired value of the Hurst
coefficient in the real domain (Hx) and the standard deviation of the time
series in the normal domain (Gy). It is suggested that an appropriate value
of k will be approximately half the desired length of the synthetic sequences;
hence if traces of length 40 are desired a value of k~ 20 might be used.

As an example assume that a three parameter log normal distribution is
used to generate sequences of length 40 and the value of H to be preserved is
H =0.75; the value of oyis 0.7. Use of the tables for k = 20, H = 0.75

and Uy = 0.7 indicates that a value of H = 0.7705 should be used to generate

FFGN sequences which are exponentiated to yield the desired HX = 0.75.
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Table A.1 Values of H for Use in Three Parameter Log Normal Generation
of FGN Sequences?

K = 4
' SIGMA Y

HX «10 « 20 «30 40 «50 « 60 «70 « 80 «90 1,00
«50 ¢ 5000 « 5000 «200C «5000 +«5000 tbOéV «9000 «50C0 «5000 « 95000
«55 5502  +5508 40518 45533 45553 45579 .206ll 5650 45697 L5755
60 06003 (6013 6030 40055 6087 L6126 L6178 46239 L6312 .6338
«65 «6504 L0517 ¢6539 40569 L6609 666U 6721 L6795 LHBB0 L6980
«70 «7005 L7019 7043 L7078 47122 L7178 L,7245 .7324 L7415 L751b
75 « 7505 47520 47545 L7561 L7627 L7684 L7752 7830 L7919 .8013
«80 <8005 8020 .B044 L8079 .8123 L8177 .8241 8314 .839¢4 .0483
«85 «8504 L5518 48540 L8571 L8610 48657 L6712 L3773 .8840 Lb912
«90 e9004 49014 .9032 +9056 49086 49122 +91%63 .920t 49257 .9307
«95 ¢93502 43508  «9519 49533 L9550 49570 .9993 9617 .9643 ,9663

K = 7

SIGMA Y
HX 10 «20 «30 «40 «50 «60 «70 +80 « 90 1.0¢
«50 5000 45000 .5000 45000 L5000 45000 45000 45000 435000 .50v0
55 ¢5502 45508 45518 49532 45551 4557 5606 5643 .5688 5743
+ 60 16003 L6013 L6029 40052 46082 L6120 6167 6224 46292 L6371
e 65 6204 L6516 46536 L6564  L6H02 L6648 L0706 J6TTEH 6853 6946
«70 #7004 L7018 47040 L7072 L7113 7165 .7227 L73Cl L7386 L7483
«75 ¢ 7505 47519 47542 ,7575 L7618 L7671 L7735 L7609 .7893 ,7987
« 80 «8005 +B0Ll8 8042 48074 4B116 .B8B1l€7 48227 48296 .8374 84499
«85 « 8504  4B517 48538 L.89567 8604 48650 L6702 .8761 8827 .Bv97
+90 #9003 49014 9030 .9054 ,9083 L9118 ,9i58 49202 9250 .9300
«95 «9502 .9508 .9518 .,9532 69549 L9569y  +9591 L9616 L9641 L9667

’ K = 10

SIGMA Y
HX . #10 «20 «30 «40 «50 «60 «70 «80 90 1.00
«50 +5000 45000 L5000 45000 45000 +5000 45000 5000 .5000 5000
e55 ¢5502  .5508 45517 .5531 45550 45273 ,5003 .5639 L5683 L5735
«60 «6003  ,0042 46028 ,0050 6079 46115 46169 46215 6279 L6355
«65 06504 46515 .6534 46561 L6597 L6642 L6646 L6761 «6837 L6925
« 70 «7004 7017 .7033 L7069 L7108 L7157 .7217 .71287 «e7363 7461
«75 ¢ 7504 47518 7540 L7572 47613 L7664 7724 L7795 7876 .7968
+ 80 «8004 ,8018 «804U <8071 .B111 48160 45218 8285 8360 .8444
85 «8504 L8516 48536 45565 8601 L,B645 L8596 L8754 L0818 JBEHT
90 ¢%003 9013 L9030 9052 J9UB1 L9115 49155 9198 .9245 .929>
«95 ¢9502 29508 299519 09932 49548 49568 9590 9615 ,9640 09666

3Refer to eq. 3.6 for respective notation.
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HX

«50
55
« 60
«65
«70
«75
«80

« 90
« 85

HX

+50
«55
.60
.65
<70
o 75
.80
.85
.90
95

HX

«50
55
60
65
70
«75
« 80
«85
90
«95

HX

50
55
«60
65
«70
«75
«80
«85
*90
95

010

5000
«5502
« 6003
«6503
+ 7004
e 7504
«8004%
+ 8504
«9003
«900u2

10

«5000
«5502
«6003
«65013
« 7004
e 7504
« 8004
+8504
«9003
¢ 950¢

10

«5000
«5502
« 6002
«6503
« 7003
«7503
«8003
«8503
« 9003
e 9502

10

«5000
«5502
+ 6002
06203
« 7003
« 7503
«8UU3
« 8503
«90013
«9502

«20

« 5000V
#5507
e 6011
«6514
« 7015
e 7516
8016
+ 8515
«9013
« 9500

«20

«5000
05507
« 6010

-eb513

«7014
« 7515
«30L5
8314
«9012
«9508

20

+5000
«5207
«6010
69512
«7013
«7514
0L
8513
«9011
«9507

20

«5000
+3500
6010
«6511
« 7013
«7513
«bUL3
e 8513
«9C1L1
e 9507

«30

«5000
«2516
6026
«6531
« 7035
« 7537
«8037
8934
«3028
«3518

«30

«5000
5516
06024
06529
«7032
«7534
«8034
«8532
9027
«9517

30

+ 5000
«5515
« 6023
6527
+7030
e 7231
w0032
»8530
«9026
«9517

30

«5000C
«5515
«6022
06526
« 7029
«7230
003y
«89529
+¥025
«9516

40

«5000
+5530
«6046
«6556
« 7002
« 7566
+80065
«8500
«9Ub0
«9531

.40

«5000
«5528
6043
«6552
7057
«7560
«8060
«65556
«9047
«9530

40

«5000
5527
«6040
6548
«7053
v 71556
«08056
«8253
«3045
«9529

o40

«50u0
5527
«6039
6506
7051
« 1554
-1
e 8552
e G044
«9529

98

K = 20
SIGMA Y
50 60

« 5000 «5000V
+5547 45570
« 6073 L6107
«6589 . .6630

. 7098 47143

«7603 L7650
«8102 +8i4ob
+8594 .8636
«9077 49110
9547 9567

K = 40
SIGMA Y
«50 L0

«5000 45000
«55645 ,55¢6
6063 46099
6582 0619
«7090 L7131
«7594 L7637
«8094 LBl3o
8588 L8627
«9074 7Y%
«9546 9585

K = 70
SIGMA Y
«50 « 60

«5000 45000
«5543 L5564
« 6064 L6094
«6576 L6611
« 7084 L71c2
e 7548 e 7620
«8088 L8l2b

"+8584 .8621

«9ITL W90l
v 9545 9564

K = 100
SILMA Y
+ 50 « 60

«5000 %5000
02542 J5062
8062 46090
6573 L6607
«7081 L7117
«7585 47623
«65085 L,8123
+ 8581 L8617
«9069 49099
«9544 495063

TV

«5000
«5597
614t
6679
« 7198
o 11002
«8202
«8604
«9lal
+ 9589

70

«5000
«955G2
eblovu
e 6064
7161
«7088
187
«8673
QQL42
9587

« 70

«5000
e958G
«6130
sObLS4
e 7169
«8176
8664
9137
« 9585

70

«500L
eHb00
6125
6048
o7 b2
« 7669
«3l6v
« 6659
«9134
e 9584

«80

«5000
5631
«6198
«6738
o 726¢
« 7771
«8264
«8739
+ 9190
13 ¥4

«80

» 5000
5024
«6184
«06719
o 7240
« 7749
$8245
«B8725
WOVED
«9610

«80

«5000
5619
6173
0705
e 7224
«7732
8231
8715
G177
« 9608

«80

«50C0
«5016
6167
0696
7214
«7723
«b222
«8708
«9173
«9607

«90

«5000
5672
«6258
6808
«7336
« 7846
83135
.8801
+«9236
+9037

«90

«5000
12663
6238
67892
«7308
«TE18
312
«878¢4
«9228
«9635

« 30

+ 5000
«9656
6224
6764
«7287
7798
«B2G4
8771
.9221
«9633

«5000
05652
62106
6753
7215
« 7736
B2E4G
8763
9216
9632

e 5721
«6327
Y-X-1-1:
e T42¢
«7431
«B8414
o tb7
«928%
e 9663

1.00

«20V0
« 5699
e6c33
«7361
e /73
«8366
«8834
«9268
«9659



Table A.1 (Cont.)
HX «10 20
«50 «5000 45000
55 +5501 45506
- 60 « 6002 « 6008
e 65 «6502 e651C
« 70 « 7003 L7011
«75 «7503 L7511
« 89 « 8003 .8012
« 85 «5503 «8511
+ 50 «9003 ,L901¢C
«95 ¢ 9502 49507
HX «10 «20
«50 «5000 45000
«55 ¢ 5501 «5506
« 60 «6002 46008
«65 « 6502 6509
« 70 «7003 L7010
« 75 .7303 «7511
+ 80 «6003 ,8011
«85 +8%03 48511
«90 «G002 9010
+95 «9502 e 9507
HX «10 «20
«50 «9000 45000
«55 «5501 L550¢
260 « 6002 «6008
«65 06502 «6509
«70 27002 + 7010
75 « 7203 L7510
+80 +»8003 «8011
«85 8503 44510
«90 « 9002 « 9009
95 09502 ¢ 9507

«30

«5G00
«5514
6019
6222
27024
e 7526
+ 8026
e 6025
e90¢3
9515

30

«+5000
«5513
+601b
«6521
«7023
7524
«802%
8924
«9022
e9515

«30

«5000
#5513
0018
06521
»7022
e 7923
«8024
«8523
«9021
«9515

40

«5000
«5524
«6034
0540
« 7044
« 7546
«3047
«d545
+9040
e 9527

«40

«3000
e5524
06033
«6538
« 7041
e 7543
« 8044
28543
«9039
9527

«40

«5000
2523
«6032
6537
« 7040
e 7542
«8043
8542
»9038
e 9926

99

K = 400
SIGMA Y
«50 «6U
«5000 45000
«5539  ,5557
«6055 J60LBU
6563 L6592
<7069 L7101
W 7572 47605
«8076¢ LR10G7
«8571 48603
«9063  ,909¢
«9542 9560
K = 700
SIGMA Y

«50 « 60

+ 5000 + 500V
#5537 45555
«6052 L6076
6560 L6588
« 7065 L7095
« 7568  +7999
8070 43101
«8568 8598
«9U60 L9087
e 9541 L9559
K = 1000

SIGMA Y
«50 « 60
«5000 500U
¢5337 L5554
«6051 46074
«6558  +6565
«70/3 L7092
07566 075‘10
«BO06T L8098
«8566 B5Y5
«e9029  .908%
«95%y

e 9541

«70

«2000
e55 1y
«61il0
«6620
« 7139
« 7645
.81"0
« 8641
«9122
«9580

70

«5000
«6105
6621
PP
« 7637
e813y
5634
Y1llb
09579

e 10

» 5030
WEIL]
«blud
6617
«7120
« 7632
«8134
+ 8630
«91l15
9578

80

+2000
«56C6
6147
6669
7184
« 7692
«8163
«80ED5
«9159
+ 9603

60

«5000
«5602
«6140
6660
«7173
L7681
«3183
«8076
9153
+9601

.80

«5000
5600
«6136
0655
7167
7675
8177
«8671
«9150
+9600

«90

«5000
«56137
«5189
6718
«7236
7746
8247
«8735
«9200
9627

<90

«5000
«5632
6180
«6707
«7223
7732
«b234
«8724
«9193
<9625

90

«5000

©«5629

«6175
«6700
7215
7724
«8226
«8718
9189
9623

1.00

5000
« 5675
«6239
6775
« 7290
«7¢08
<8308
«8791
e V264
e F052

1.00

«2000
« 5663
06228
« 6760
« 7220
e 7791
«8292
770
9237
«J050

«5CU0
09055
6221
6751
e 7270
7751
sB203
8e71
«e9c32
« 964y



APPENDIX B: VALUES OF THE PARAMETERS OF AN ARMA (1,1) MODEL FOR USE IN
APPROXIMATING THREE PARAMETER LOG NORMALLY DISTRIBUTED
ARMA (1,1) SEQUENCES

B.1 Description of Tables B.1 and B.2

Tables B.l and B.2 give the required values of the parameters ¢ and 8
of an ARMA (1,1) model in the Y (normal) domain to approximate three para-
meter log normally distributed ARMA (1,1) sequences in the X (real) domain.
The transformation was effected using equations 3.13 and 3.14 which equate
the correlation coefficients in a theoretical ARMA (1,1) model with those
of its transformed approximation at lags one and two.

Tables B.la and B.lb give the required values of ¢y and ey, respectively
as a function of Oy, the standard deviation of the sequences in the Y (normal)
domain and the desired parameter Values‘d)x and 6x in the X (real) domain.

The same information is given in Tables B.2 for a smaller range of ¢X

(.905 §_¢x < .995) in which ARMA (1,1) models usually provide the best model-
ing of the Hurst effect (0'Connell, 1971). As discussed in Chapter 3, some
combinations of ¢X, ex, and Oy result in imaginary values of Gy; such values

are denoted by an asterik (*) in the tables.



Table B.la Values of ¢y for Given ¢X, 6 ,

«050
«150
«250
«35)
+450
« 550
650
«750
«850
«950

THETA X

« 050
« 150
«250
«35)
«450
«550
«650
« 750
«85)
«950

THETA X

«050
«150
«250
«350
«450
559
« 650
«750
850
«950

«0500
«05v0
« 0500
04y
e 0449
U4YYy
sV4Yv9
<0499
« 0499
« 0499

« 050

«0500
+0499
«04y8
« 04697
«0497
0496
a6
0496
L]
00495

« 050

« 050V
«Qays
20490
0494
00442
«04v)
Y LRTY
044y
«0409
LG4y

ei 501
« 150V
elayy
L9y
elave
e 1498
elb49b
el497
e1497
«1497

150

«1503
«1500
«l497
01495
e1693
el4y2
0i490
014950
e 1469
e L4y

+1506
e 1500
e1494
«1489
elbB4
«l480
e l470
NP
1474

«250

2502
2501
«2.500
2499
e 2498
e 2490
« 2497
24497
e 497

«250

«2208
2004
«2200
X421
02493
«2490
«2488
e 2487
2400
e 240506

«250

«2518
«2509
e 250V
24914
2404
e24178
02473
v 2ht9
24067
24067

101

«350

«3503
«3592
«3501
+ 3500
« 3493
3498
« 3497
3497
» 3496
«3496

«350

«3514
«3510
«3505
«3500
3496
348y
¢ 3487
«3485
3485

350

3532
3522
3511
«3500
« 3490
«3481
3474
«3469
« 3466
3465

X

SIGMA Y

PHI X

«450

«4505
4504
«4503
«4501
« 4500
«4499
04498
« 4497
s 4497
« 4497

SIGMA Y

PHI X

«459

«4520
«4516
«4511
4505
«4500
« 4495
«4491
«4489
« 4487
«4480

SIGMA Y

PHI X

«450

s45647
e 4536
424
4512
4500
«4489
XERY
474
4670
LYY

o
y

Ld -10

«250

«5506
«92505
«2204
«2203
+55C1
«2500
«5499
«5495
o o497
« 5497

«5526
«5521
2216
«eS20114
«5505
«9500
e 599¢
«5489

«30

550

«e5598
«5u49
«5534
9225
o912
«5500
« 5689
ef4¥1
e 5474

«650

6507
« 6506
I
6504
« 6503
«65C1
« 63500
«64G3
«0498
0490

650

0520
6525
«6521
« 6516
«0511
s0505
0200
e 6490
+ 6493
6492

«650

05064
«6557
6567
0030
«6524
«6512
«65C0
-LY-1
0481

720

7507
«75C6
s 1505
7504
« 7402
«75C1
«75CC
e 7499
« 7498

750

e 7527
« 7525
«1522
«7519
«7514
« 7509
« 7504
« 7506
« 7497
e 7495

« 750

«75¢1
« 7557
« 7550
« 7542
« 7932
¢ 7521
«7510
« 7000
«7493
« 7489

«850

«8£G5
«8505
«8505
9504
« 3504
«8503
«8502
«850Ci
+ 8500
«8500

«85v

« 8521
852V
«s8H19
«8517
8514
«8511
«8507
.8203
« 2500
e3490

«850

« 8547
+B8545
«8542
«8538
«8533
8525
«8517
«8500
«8500
« 84396

«350

9502
e 9502
3502
«950¢2
«9502
«9502
«95%01
«9201
«9500
«4500

«350

9509
«9509
« 9509
7. 00
e250L
«3507
2506
« 3504
«9502
«¥530

« 950

e9520
9519
«9519
«9¥518
09517
95106
$ 9513
« 9239
«95064
«9500



Table B.la

THETA X

«05%0
«1590
«250
«350
« 450
5590
«650
« 750
« 820
«950

THETA X

«050
150
«250
« 350
450
«550
«650
«750
« 850
e950

THETA X

« 050
1590
250
«350
«450
«5590
«650
« 750
«859
+« 950

THETA X

«050
«150
«250
359
«450
¢ 550
«65)
« 750
«850
+950

(Cont.)

«050

« 0500
«0496
V492
e 0409
LG o
V454
« 0482
«04b1]
« 0430
+0480

«050

¢ 0500
« 0493
00407
048l
00477
+0473
«0470
« 04069
« 0408
04067

«050

«0G500
« 0490
« 0480
a7l
0464
«0458
V454
V45
LAV
« 0449

e 050

« U500
UGB
0471
VaOY
0447
I LEY]
U432
V427
0425
0424

«150

o151l
« 1500
e 1489
«l479
1671
elboé
«16459
14y
«1493
olab2

«150

«1518
«1500
«1482
1406
1452
slb4u
e 1431
e 1426
«1422
«l1421

150

1527
«15u0
1473
01447
1425
«1407
el394
«13¢5
«d379
01377

«150

01540
150V
el460
el
«l309
e1362
el1342
e1327
el3419
«131Y

0250

2532
«2510
2500
« 26484
e 2470
02449
e 2443
2439
«243b

0250

«2553
2527
«25V0
24174
2451
e2431
« 2410
e 2406
«2400
2397

«250

22060
2541
« 2900
« 26480
e2-24
«2394
«2370
2354
el344%

2339

«250

2615
2559
«2500
e2442
«c383
«234¢
023006
«2201
e 265
«2229

102

+350

«3559
+3540
«3520
«3500
3431
¢ 3465
¢ 3452
03443
3437
3435

«350

«3595
3565
«3533
3500
«3469
«3442
«3420
3405

«3396

«3391

«350

3643
35938
«3550
3500
03452
« 3410
«3377
3352
«3338
«3331

+3704
3641
«3572
«3500
«3430
«3347
«3316
«3279
«3256
03246

SIGMA Y

PHI X

«450

«4585
e 4566
4545
<4522
«4500
<4480
s 6463
e 4451
eb4443
e 4440

SIGMA Y
PHI X

«450

v 4636
«46C6
«4572
« 4536
«4500
4467
4439
e 44619
04406
« 4400

SIGMA Y
PHI X

«450

04702
« 4659
<4609
«4555
«4500
04449
«4406
<4374
«4354
«4345

SIGMA Y
PHI X

«450

«a706
04726
14656
e4573
« 4500
«4425
4361
04312
«6281
4267

L «40

550

56U
e 5268
D560
eVh 40
«5523
+550v
¢ 2480
e 5465
5406
2451

50

550

«H644
«5610
5915
5537
«5500
«5468
e 5443
« 5426
«5419

«60

9250

«5740
«270Y
15664
95612
«5550
«£500
«2450
411
«5306
«2314

$550

ILE)
eH793
05732
e 00UV
2580
« 5500
56427
«5368
e9329
«5311

«70

X-¥1Y

-1-3%
6602
sbYC6
65066
«b244
«6521
050
6483
b4 /(]
06665

«650

«6681
6601
+ 00306
« 66006
6571
«6535
«65C0
6471
«e64.2
0443

0«65V

6764
«6736
-XAIY
s0057
«0607
03552
«6500
+ 0450
6426
s6411

0650

«e6562
6026
Q179
w72l
« 6652
6516
«5500
043
«03Y90
e 6308

«76C9
« 7601
« 7590
7576
« 7599
+ 7539
«751R
e 7500
e74E7
7470

« 1670
o765y
o T642
«7620
e 71564
«75673
#7530
« 1500
« 7478
«74¢€7

«750

« 7745
e 77234
« 7706
7676
« 7638
« 7593
7549
«15C0O
746G
e 7449

« 750

oT632
«7811
s 7782
o 7743
« 7693
e 7632
o 7565
«75C0
« 7450
e 7420

85V

«8584
«8580
+8575
6566
«8550
«8546
«5330
8514
+ 050V
«5493

«850

«8629
8624
« 86106
«BbEVE
859
«857¢
¢854y
« 8522
«e 285Gy
+ 8488

«850

«8683
«8676
« 8606
«8652
«8633
«B6UD
+ 8572
«8533
<8200
« 840l

«850

e 8745
«8736
8724
«8700
«8631
«8046
« 8601
«8B548
« 8500
eBOT2

«950

«9534
+ 9534
e7533
e 953¢
«9530
« 9528
«9b23
«¥016
«9507
«9500

+«950

«9553
29952
e9551
954¢
29547
29543
«7530
«3526
v¥5le
«950C

«¥50

«3574
«9573
«9571
e 4269
9566
«9561
9952
«9L 30
«3517
e9500

«920

«9597
« 9596
#9294
«9592
075588
9502
«9071
7502
e3525
« 9500



Table B.la

THETA X

«050
150
«250
«350
«450
559
« 650
«750
«850
950

THETA X

« 050
«150
«250
«35)
«450
«550
650
750
«850
«950

THETA X

«050
150
«250
«350
450
e55)
«650
« 750
850
1950

(Cont.)
«050 «150
«050C0 41556
20479 1500
Qbbb L1443
«V439 L3388
«0423 e 4340
+ 0410 eicv9
V400 L1268
«0394 L1246
«0390 ,1233
0368 L1228
«050 «150
e050C L1577
«0470 41500
«0441 41420
«0413 J1342
V309 «1270
037y 01209
« 0355 «libd
W0344  Jllcwy
«0336 .1407
«0335 +1UY8
050 «150
«050C L1605
0408 L1500
sV41l6  J138b
«0376 J127Y
0339 L1169
U307 LJluT74
«0282 0997
«0263 40940
«0252 4Jv04
V247 L0887

.250'

e 2660
20083
+ 250V
e241L?
el33b
2279
«2216
«2178
2154
2144

250

«2719
«2614
«25C0
2383
2270
«2169
« 2007
02027
«1990
1974

2590

2793
2055
«25C0
«2336
2172
« 2020
«lb9l
1733
«1731
« 1702

103

350

3781
« 3696
« 3601
¢ 5500
«3308
«3232
v 3176
3141
3125

«350

3877
«3766
+«3639
3500
3358
«322>
«3112
«302¢€
«2971
02946

«350.

« 3996
« 3855
«3686
«3500
«3301
«3106
2933
2797
2707
« 2665

SIGHMA Y

PHT X

«450

4889
«4810
4716
s4611
4500
«4392
«4298
4225
<4178
4157

SIGMA Y

PHI X

450

.5013
L4913
V4792
L4652
.4500
$ 4348
4210
$ 4101
.4028
+3995

SIGMA Y

PHI X

«450

«5162
«5039
W aBBT7
«4705
«4500
e 4285
»4082
«3914
«3799
3744

= ,30

e 55V

«5G900
2R 1
«581l0
o372V
5612
«5500
¢93595
«530b
5250
«5223

«90

«550

«6097
s 6018
«29108
5746
«5653
e 5200
«5351
5224
«5137
e 5094

= 1,00

«550

0254
eba02
eHbUG]
256y
b700b
«5500
e 52069
«5102
s4Y60
e 4039

6506

v 6577
«693>
«0874
e H 199
0700
20005
6500
6407
+0340
e 6307

X-¥1]

«7109
« 7056
«6985
16833
-XAR)
HE 4G
«65C0
e 63067
06269
v0c19

« 650

o254
e 7194
e711i3
« 7004
6864
e b6bv2
«65GU
«6312
«0166
+ 6009

«7630
« 7905
« 7870
« 782
« 7759
«7€E1
« 7590
«75C0
e 7428
«7391

« 750

+ 8039
28010
« 7969
«7913
<7638
7622
« 7500
«7368
7343

«750

«8155
5124
«8079
+8016
«7928
«7811
«76€3
e 7500
« 7356
7274

«850

«981¢
«BE02
788
8737
« 8694
«3636
«ES67
8500
« 8460

«BOv

8885
wub 74
+8b5b
«B8834
+ 8800
« 8749
w8675
«8590
« 8500
«8443

«850

« 8960y
8948
«8931
<8906
«B86E
8812
072y
o861y
«8590
« 8620

«950

25622
« 9021
«9619
« 9616
«961c
2+ 3504
«9591
« 356G
29504
« 9500

«950

«9648
«y047
040
3642
+ 3637
7029
eI 14
7500
« 745
« 92,00

0950

« 3674
9673
9671
« Y668
96063
6546
ev639
«9610
e 9559
«9500



Table B.1b Values of Gy for Given ¢x, 9

THETA X

«+050
150
«25)
«35)
« 450
«550
«650
« 750
«820
«950

THETA X

«050
«15)
250
«350
«45)
«550
e 650
« 750
«850
«359

THETA X

«050
«150
« 250
«350
¢ 450 .
«5592
e650
« 7590
« 850
«950

s 0,0

« 0500
ei 505
«2513
e35c3
«4537
e 55060
6590
« 7673
«88¢8

«050

«0500
«1522

«2551

«3593
e 4655
«5753
«6929
«8357

«050

« 0500
«19550
« 2619
«371b
4869
612Y

76143
’ *

150

0496
«1500
2500
3512
4522
«3530b
+ 6564
« 7615
8749
*

150

« 04064
e 500V
«2521
e3549
4592
02659
6774
«0023
¥

«150

LYY
«1500
2¢547
«361%
4716
«5881
7194
«9333

»

.250

0 04G4
« 1696
«2500
«3505
.ﬁ)lZ
«5523
6541
« 1575
e 8600
*

«250

0675
01456
«25J0
«3520
«4549
e5594
6670
« 7825
e 9442

+250

AL
« 16468
« 2500
«3545
s4613
5721
6916
0352
»

*

104

«350

«G493
1494
« 2497
3590
<4505
eH512
«6524
«7547
<8601

«350

« 0470
01478
02487
«3500
«4519
«5549
«6600
e 7697
.8988
*

o
x°

SIGMA Y

PHI X

e450

+ 0492
«1493
2495
03497
+ 4200
«5505
6513
« 7527
8562
«9849

SIGMA Y

"PHI X

450

«0469
1474
«2480
«34838
« 4500
5520
6552
« 7614
87175
*

SIGMA Y

PHI X

«450

20430
«1441
+ 2454
e3472
«4500
«3245
6622
« 7773
09317
*

= 020

«550

0470
1474
024177
e3981
4408
« 9500
6520
«7558
« 8650
*

= «30

«550

« 0433
sl44l
v 244>
e3453
0673
X"
X-PLY}
e 7637
«bb81
*

«650

PRV L Y
e 1494
£ 264594
e 3995
«40G6
05447
« 6500
«750>
«891lo
«9579

«650

0474
1470
2477
«3479
e4482
e54c0c8
e7522
«8573
*

650

«0442
«1447
2450
e3453
sh460
D4l
s0Yv0
«e7551
«HBOTY

750

«(455
«1695
e 2495
4495
e 5496
6497
« 7500
+E5C6
+ G534

«0480
l4gl
«2481
»2481
14481
«54E3
«64F8
e 7500
«8526
96061

«750

« 0455
«1458
«2458
3457
sb4b8
«5462
b4 74
« 7500
8561
*

«850

0437
e 1697
«2497
03436
«4490
« 5496
6490
e 7437
« 8500
«9510

«0487
e1487
12487
e 3486
e 4485
6404
7489
«8500
e 9543

« 850

0472
01472
«2671
LYY
e 44606
«5463
6460
7474
« 850V
e 9607

«950

« 0439
« 1499
024499
349G
X7 ]
+54%0
6437
o 14v?
X-LE7.}
«9500

«950

206495
« 1495
$ 2495
s 3494
e4493
e 5491

'06459

e 7440b
e049C
«95J0

« 950

« 049V
«1490
e 2459
«34038
0 4438%
«5481
6477
W T674
8470
«9500



Table B.1lb

THETA X

«050
«150
250
«350
045
«550
«65)
« 750
842
«950

THETA X

« 050
150
«250
«35)
450
«550
659
« 750
B850
+ G50

THETA X

« 059
«150
250
«393
«450
550
« 65D
« 750
«850
« 950

THETA X

« 052
«150
250
«350
e 450
«550
«650
« 750
«8%0
«95)

(Cont.)

«U500
«1592
21720
«3YiV
05217
-1-P%Y

® *

« 0500
«1650
2804
eal9>
«S5T06
«d514

* % »

« 0500
1720
+3004
s4023
«6841

* * % »

« 0500
¢ 1830
e 3344
e 53006

L IR K R 2R J

«150

« 0436
«1500
« 2587
e3712
4905
06250
<8067
*

eddV

« 0397
«1500
241
e3851
«9147
bo84

* * %

o100

«0348
«1500
«2714
RCIVET.
9639
«8302

- " *

«i50

« 0287
«l50V
281y
w321
6177

* * &

«250

«0397
s 1442
«2500
e3283
«4710
«59¢1
« 7338

220

«0338
«1408
«2500
¢ 3635
RCE-LE
«6226
«8165
*

250

«0263
« 1364
e 2500
e 3704
$504G3
tll2

*

* * »

250

0172
«l31lv
«25V0
«3797
«5322
« 7606

* & o

105

«350

«0379
«1409
02447
3500
«4581
«5714
.6954
« 8590
*

«350

«0310
«1357
v 415
«3500
s 4633
«5857
« 7305
*

0350

«0225
1292
2376
«3500
4701
«6061
« 7911

350

<0125
«1213
«2327
«3500
4792
«6358

*

* * »

PHI X

«450

0375
«1395
e 2418
«3450
+4500
«5582"
6728
+8042
*

*

SIGHMA Y

PHI X

2450

«0306
«1336
.2371
3421
<4560
05634
. 6883
8922
*

*

SIGMA Y

PHI X

«450

0222
1265
«2313
»3384
«4500
«5704
«71CHY
*

*
*

SIGMA Y
PHI X

«450

$0126
$1181
$ 2245
«3339
«4500
«5797
« 7454

*

*

*

550

«G3u3
«1396
2408
03424
eb452
«250U
6586
« 7159
09390
*

590

«550

L031Y
.1333
$ 2357
$3382
$ 4424
<5500
c6641
L7943
*

«60

«550

« 0245
1271
«229>
«332Y
«43 9
«5500
671>
e 8c29

« 70

250

«0161
«llva
2224
Y4 X
4340
b0V
6015
87506
*

¢« ¥

650

« 0399
«140G7
2412
e3417
04429
«H453
690V
« 7594
-Y-LX
»

->%

«V346
+1357
«2364
«3372
«438Y
e24cl
« 6500
1655

Wvi4l

«650 -

UcEb
« 1300
«331b
«4340
«5391
6500
e 173y

«650

«1237
02242
PEY31]
4282
«9349
-FI' Y
1804

«750

«0623
« 1426
2426
e3425
4426
05632
«6453
7500
«8613
*

«750

U383
«1388
+2388
«3385
«4385
+53G4
6625
«75C0
JHEEQ
*

« 750

.0339
«1345
« 3339
«4337
« 6391
« 7500
«8798
*

«0291
«1299
«2299%
e32t8
e42R2
2294
«6350
«75C0
«¥9E0
*

850

<0451
1452
«2450
«3440b
«4640
5436
«6437
s 7454
« 8500
e 9727

+850

<0427
l4ls
e 2425
+3418
« 4409
« 540
«5402
7427
«85G0
*

850

« 0400
1402
2397
«3300
04372
+ 5360
«0300
« 7393
« 8500

«850

«0372
«1375
«2368
«3303
«4333
e2314
eH311
« 7353
«8500

+950

«0483
s1433
02482
«3679
G746
e2467
0459
7454
36060
« 3500

+ 950

047y
«1475
2473
«3460
4461
«5450
« 5430
o 7426
«9290

950

« 0466
«lbuo
e 403
3457
s 4440
«5431
fHOb4 13
o 7399
«3610
«IY0u

«950

0657
1457
2653
e 3445
4431
15411
6380
7365
«8377
¢ 9500



Table B.1b (Cont.)

THETA X

.05
150

250
+350
<450
<550
$650
«750
.850
<959

THETA X

« 050
150
«250
« 350
«450
«550
«650
« 750
«850
» 950

THETA X

«050
«150
«250
«350
« 450
550
«650
«750
«850
950

050

« 0500
«lYcb
+37464%
5624

* * B *

«050

« 0500
22146
4377

L R 2R 3K 2%

«U500
0240C
«22c0

»

L 2K R BE BE 2K J

«150

e ryes
«1500
2937
4724
«8078

*

* % on®

«150

Jl21
e1500
+3109
5367

L 2R IR B B K 2

+150

«0013
«1500
«3347
6626

L 2R 3R 2R 3

s VUO4
«1245
2500
«3v169

»*

* * * *

« 250

-+ CU06L
v1lob
«2500
«4085
s 6440

% B * * w®

~+0205
«1074
2500
4317
6070

" * % n

106

«350

w009
1122
2269
3500
4914
6823

»

* * *

+350

-.0120
+1018
« 2200
«3500
«5079

e 1680
*

*
*
*

«350

-.0260
«0901
«2120
+3500
«5313

-

» % % 8

SIGMA Y

PHI X

450

«0019
«1087
«2165
«3286
«4500
e9922
« 8049
*

*
*

SIGMA Y

PHI X

«450

-+«0096
+0984
«2070
03223
« 4500

+ 6095
*

*
*
*

SIGMA ¥

PHI X

«450

-«0215
«0876
«1979
«3151
0450
06343

¥

» * ®

= «80

22V

«0071
«1110
« 2145
«3196
e 4495
«95¢0
0951

= 90

«250

-el 022
«1023
«c060
«3117
«423¢
e 5500
e 7443

*
*
*

® ].00

550

-+0114
« 0935
e1v73
«3033
4169
e55G0U
e 7430

*
*
*

« 090

«0100
«1170
2179
«3lbb
v4217
e 3CV
6500
« 8017

«650

«00¢&1
«1104
«2110
«3115%
«41645
05242
e 6500
«8259

V047
«1C4U
«2C43
¢ 3042
«400Y
«2177
e b65CV
s8CoyY

759

0244
1253
2247
03234
4222
5233
«6301
«75C0
«9229
»

« 0199

L1208

«?2199
3179
4160
«5166
62644
« 7500

«750

«C158
0167
2154
3126
«4097
«5095
6180
a7500

« 0345
«1348
«2338
«3310
4291
e 5264
250
« 7305
«8500

+ 850

0321
01323
<2311
3245
$4250
5213
6196
<7251
+8500

« 850

« 0299
«1301
2200
e3254
e4210
«5161
«6133
«7189
«8500
*

«350

¢ 0449
«1449
2444
93433
4415
e2230
«6350
«7320
w339
«9500

«950

« 0441
1441
e2435
3422
04431
2370
«7236
e8295
«9500

« 950

«0435
«1435
02427
«3412
«%387
«5351
«6302
«7250
e Bct?
«95v0



107

Table B.2a Values of ey for Given ¢x, 6 Oy (fine scale)

X’

SIGMA Y = ,10

PHI X
THETA X «905 «915 925 «935 0945 95 « 965 975 0985 795
«05) «0498 L0498 L0698 L0499 L0499 L,C493 L0499 L0499 L0500 ,LUSWO
«150 01498 41496 1498 41499 41499 L1499 L1499 L1499 L150v  L1L00C
«25) 02498 424908 42498 42498 42499 42459 4249Y 42499 42500 W25uC
«350 ¢3498  W349b 43498 43498 L3438 L3499 349y 43493  ,350C L3L00
«450 04497 « 4497 e 4498 04498 « 4493 4490 449y «4469 04499 «4500
«550 e2497 42497 45437 9497 5498 45498 2498 5499 5499 uuu0
«650 00456 404G T  J049T L6497 L6497 LthYB  s0698  LE4G8 46499 6LV
« 750 e Th9T7 1497 7497 7497 L7497 7497 w7497 L7498 L7499 L7435
«850 BavYl L8498  JBGOL LBLYE 4 B498  LE4YB LP4I8  LE498 8498 L0499
«950 e2203  «7502 49202 L9501 49500 LG5V0 Wv49Y 49499 L9496 L1499

SIGMA Y = ,20

PHI X
THETA X «905 « 915 925 «935 «945 «955 -905 « 975 «98°%5 « 995
+050 e04Y2  Lu492 L0493 L0494 L0495 L0496 L0497 .0498 LG43y ,U200
«150 01492 L1493 41493 L1494 41435 L1496 1497 L1498 41495 «i5C0
«250 22491 #2492 42493 42494 L2495 424696 L2697  ,2498 L2490 $ 2499
«350 e349U 434691 3492 .3493 L3494 «34%5 L340 L3497 L3493 3499
«450 8489 QGBI 44490 L4491 44493 L4594 L4695 L4406 L449C 2499
«550 e5487 45458 45459 45490 45691 5492 45494 5495 L5497 D499
«650 e6486  J0G0O  J048T 6488 4 H48I L E4IU H4YL BEYe L6496 Ltbvo
+ 750 e 7687 47687 47607 7687 JT48B8 7489 L7490 47492 L7494 L7450
«BE20 ¢eB4G3 LBA4YL «B4YL 45491  4B84G0 L8490 LJE490 L H49L 48493  Lo49b
«950 ¢e9513 49509 49505 95033 9501 49499 9498 L9497 L9436  ,3496

SIGMA Y = ,30

. PHI X
THETA X «9095 e Y919 o925 +935 «945 «¥55 + 969 «975 «98> 995
«050 «04B1l U483 L048BY L0487 L0489 .04yl WVGY3 L0495 L0497 L0499
«150 ola82 L1484 L1485 L1637 41489 L1491 4i%93 L1495 L14¥i  .149y
250 02481 L2403 42484 L2486 424688 2490 42992 12695 2497 ,24v9
«350 e3470b v3680 e34b2 «3444 ELYT ¢ 3489 «3491 e36G4 «36496 ¢ 3499
0950 0447y 44477 44479 L4481 L4484 44050 J4409 L4492 L4495 LT
¢550 ¢5471 45472 5475 L5477 45680 5483 5486 L5489 L5491 «9494
«650 6668 0409 L6671 L6473 L6475 L0478 L64b2 JH4EL  Jb4YL o497
«750 eTQT0  J7470 7471 7474 JT473 L7475  oT47b <7482 76487 7495
«850 403 «B4bl «8480 8479 86748 s 8476 «B&70 bt 8484 8492

+950 ¢9531 49922 49514 49508 49502 9498 949D  .9492 L,9491 L9491



Table B.2a

THETA X

+050
«150
« 250
«350
« 450
«550
«650
«750
«850
«950

THETA X

«050
150
«250
«350
« 450
«550
0650
«750
«850
«350

THETA X

+059
«150
«250
«350
«450
«550
«650
« 750
«850
+«950

THETA X

«050
«150
250
359
«450
«550
«650
«750
«850
«950

(Cont.)

« 905

« 0468
«1469
2467
s 346¢
s4456
«5 449
0 €443
7446
«847¢C
«95u8

« 905

«0453
eitb3
02450
e 3443
«4433
eH422
«6412
74106
8452
e 9598

«905

«0436
1437
026432
e3422
4408
«5390
e6376
« 7380
e8429
e9058

«9L5

«0419
el4z0
«2413
¢ 3400
43080
2326
«6335
e7336
sB4UL2
« 9758

«G1l5

s 0471
1472
024940
« 34060
4460
«5452
e 66486
1447
- Y1)
«9541

«915

« 0658
eiéDb
«2455
03449
«4459
05427
6417
e 1417
« 8447
« 9508

915

U442
01443
02439
«3430
<4410
«539b
«6382
«7381
«0422
«36006

«915

0427
01428
2422
¢ 3410
43914
«2367
06344
«1339
e0 392
e96063

925

0475
«1475
e 2473
«3469
04463
«5456
«b44y
o 144y
«B4b4
«9526

925

00462
«1463
026460
«3454
c 4445
«5433
$6421
(7419
$8443
09543

«925

« 0449
«1450
2446
«3437
e 4424
«5407
«6389
7384
eB4l16
9267

«925

« 0436
el436
e2431
«3419
e 4404
«5378
«eb6304
e 1343
+83b4
e 9599

108 sigMa ¥ = 40

«935

«0478
1478
e 2477
03473
4467
«5460
«£452
7449
B462
«9514

935

0447
«1468
« 2465
«3460
LT
«54139
6427
7422
« 8440
«9523

+935

« 0456
«14956
.2453
e3445
4432
25410
«6398
«7388
«8412
«9535

«935

Q444
01445
« 2440
03429
e4413
5390
e6365
«7350
«8379
9551

PHI X

0945

«0481
1482
02480
3477
04472
05465
e 6457
« 7452
8661
«G504

SIGMA Y

PHI X

«945

V472
«1473
« 2470
«34065
044 E7
«5446
6434
7426
«8438
«9507

SIGMA Y

« 955

«048>
«l485
e2%b3
+ 3401
s 4476
« 9470
06462
s 14506
8461
e 94656

«350

955

0677
16477
«2475
e3671
4404
e5454
0442
«7432
« 8433
¢ 94 G

+ 60

PHI X °

945

« 0463
«1463
« 2460
03453
b4l
05426
«6408
«7395
86190
951

SIGMA Y

PHI X
e945

«0453
«1453
« 2449
+3439
4425
«5404%
«6379
«7359
«8377
«9515

955

« 0469
el470
2407
03464
e4451
«5437
«6419
e 7404
eb41l
«G4G1

s 70

«955

Vb0l
+1462
e 2458
3450
vha37
e5418
«6394
e 7372
+837b
e 94b7

«965

sUhbO
e 14806
e 2407
«3405
LTS
0J475
264060
e l4t]
b4 b2
«9430

Y05

e 042
«s4062
3477
04671
«e24t3
«645¢
e 7440
2 B4 4y
YIS

0965

«0470
¢ 1476
474
e3406Yy
LYY
3449
«6433
o T415
W E4ik
e 9476

e 965

«0470

Jl470

« 2467
e 3461
4450
e D434
0442
e 73088
oB3E3
eF467

975

« 0491
«1651
e 2491
e3489
4486
54062
5475
s T4€8
«BGED
e 7456

« 975

U487
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