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NOTATION
Submerged section area of structure
Hydrodynamic mass of the structure
Hydrodynamic mass of the finite element
(Two dimensional) hydrodynamic mass of the cross
section

Width of structure section

- Hydrodynamic damping matrix of the structure

Hydrodynamic damping matrix of the finite element
(Two dimensional) hydrodynamic damping of the
cross section

Expectence (or, ensemble average) of x

Force vector

frequency in hertz.

Hydrodynamic exciting force transfer matrix.
Structure stiffness matrix

Hydrodynamic buoyancy stiffness matrix
Hydrodynamic buoyancy stiffness of finite element
Wave number

Wave number vector = k[Cos§,Sing]

(Two dimensional) hydrodyhamic buoyancystiffness
of the cross section

Total length of the structure

Length measured along an element

Finite element length

(iii)



- Mass matrix of the structure

- Cross sectional mass matrix (two dimensional)

- Interpolation matrix (in finite elem. analysis)

- Unit normal to the structure surface

- Pressure

~ Cross power spectral density matrix
Quadratic moment transfer function vector

- Matrixof body to global coordinatetransformation
Response transfer function matrix for the
structure

- Complex phase lag vector for directional wave
gages

- Structure response vector

- Structure section boundary

~ Uni-directional wave spectrum

-~ Directional wave spectrum

- Drift force spectral matrix

- Drift response spectral matrix

- First order displacement of the center of gravity
of the cross section

- time

- Draft

- Quadratic drift force transferfunction vector

- Quadratic transfer function vector for sway

force and roll, yaw moments only.

(iv)



W - Wave frequency

X - Cartesian coordinate vector (x,y,z)

X - Position vector of directional wave gage i

n - Incident wave height

o - Velocity potential

$ - Space dependent velocity potential, roll disp.

- Inclination of anchor cable to the horizontal.

P - Density of water
T - Fluid flow field boundary
9 - Angle of wave approach measured from the normal

to the structure

€ - Random phase angle
H - Difference wave frequency for a pair of wave fronts
Y - Difference angle for a pair of wave fronts
T - Spatial lag vector
T - Time lag
Subscripts
n,m - Any quantity related to wave fronts n and m
respectively
Superscripts
e - Element quantity
T - Transpose of a vector or matrix

* - Conjugate of a complex quantity

(v)



LIST OF TABLES

Normalized Hydrodynamic Mass and Damping Coefficients
for the West Pojnt Floating Breakwater Pontoon ..... 55

Normalized Hydrodynamic Force Coefficients for the
West Point Floating Breakwater Pontoon e.eeeeeee.. 56

Normalized Hydrodynamic Force Coefficients for the
West Point Floating Breakwater Pontoon eeeeeceeceeee 57

(vi)



10

11

12

13

14

15

16

17

LIST OF FIGURES

West Point Prototype Floating Breakwater Test Site .... 59
Pontoon Dimensions and Clump WeightS .ecceeceescsscacss 59

Gage Layout and Coordinate Definitions for Directional
Wave MeasurementsS cceesecesccscsccaces 00

Directional Wave Spectra at the West Point Floating
Breakwater Site = 10/21/83 00:40 hYS eecocececcssesss 601

Directional Wave Spectra at the West Point Floating
Breakwater Site - 10/21/83 00:40 hrXS eeeeeeeecceeecee 62

Comparison of C Cos™(6-6) with Measured
Directional Wave SPeCErUM ...ceeccecccccoscscccseas 63

Comparison of C Cosn(e-a) with Measured
Directional Wave SPeCtrUM seeeecesscccccccccccocses 64

Theoretical and Experimental Roll Amplitude of a
Rectangular Cylinder in Beam Wave ...ecececosssssssss 65

Computer Program Layout used in Floating Breakwater
ANalySiSe.eseeecses 66

Example Point Wave Spectrum at the West Point
Breakwater Site....e.. 67

Hydrodynamic Sway Force Auto Spectrum at Mid-point..... 68

Coherence and Phase between Sway Force at Mid-point
and Sway Force along the Structure at .2 hz... 69

Coherence and Phase between Sway Force at Mid-point
and Sway Force along the Structure at .4 hz... 70

Sway Response Auto Spectrum at Mid-point....ceceeececes 71

Horizontal Structural Shear Force Auto Spectrum at
Mid—pOint...-........... 71

Predicted and Measured Sway Accelleration Auto
Spectrum - East Pontoon....ceceens 72

Hydrodynamic Heave Force Auto Spectrum at Mid-point.... 73

(vii)



18

19

20

21

22

Coherence and Phase between Heave Force at Mid-point
and Heave Force along the Structure at .2 hz...

Coherence and Phase between Heave Force at Mid-point
and Heave Force along the Structure at .4 hz...

Heave Response Auto Spectrum at Mid-poinNt.cececececcceos

Vertical Structural Shear Force Auto Spectrum at
Mid—pOint...‘...........f

Predicted and Measured Heave Accelleration Auto
Spectrum - East PontoONe.ececeonsss

(viii)

74

75
76

76

77



CHAPTER 1

Introduction and Background

1.1 Introduction

During the past years the interest and research on the
design and performance of floating breakwaters has been growing
steadily. Conventional breakwaters, such as seawall and rubble—
mound types are best suited for shallow water. A floating break-
water with an anchor system is more practical and less expensive
for deep water sites or where sea foundation is poor. Floating
breakwaters also have environmental advantages because their
construction does not severely affect water circuiation and
hamper marine life and fish migrations or littoral transport.

The ability to predict the motion response (and consequently
the forces and moments) to a given wave field is animportant
first step 1in the design of floating structures. It is also an
inexpensive alternative‘to more costly and time consuming

physical model studies.

1.2 Previous Work

Various combinations of mathematical models and computer
programs have been used in the past for floating structure
analysis and the usage of ship motion programs was common. Two
specific disadvantages were seen in this approach :

1) Long breakwaters could not be modelled, as the rigid body

approach fails to give satisfactory results in this case.

2) Incorporation of the effects of mooring was difficult.



Adee, Richey and Christensen [l] came up with a two
dimensional rigid body motion model with an extensive mooring
analysis to obtain mooring spring constants. This gave
conservative response estimates by assuming beam seas. They also
carried out a partial treatment of non linear second order forces
on the structure. Hartz and Georgiadis [20]developed an
efficient model for analysis of flexible floating structures.
Good predictions were made by this model assuming that the wave
coherence along the breakwater is modelled well enough and
neglecting the coupling between sway and roll motions. Hutchison
[27] used the output produced by the NSRDC (Naval Ship Reasearch
Development Center) ship motion program as the input to a post-
processing program to predict the motion of moored floating
breakwaters and barges. The analysis was again rigid motion
type. Langen [34] developed a computer model to predict floating
bridge behavior and considered directionally independent wave
forces in the analysis. This could result in the overprediction
of motions and forces.

An important factor that needs to be given more
consideration is the effect of non-linear drift forces. Though
this may not be a predominant factor in.the design of the
structure it self, it may be the single most important factor in
the design of the mooring system.

Finally, all theoretical prediction models depend heavily on
correct modelling of the sea state. It is now known that the wave

directionality must to be taken in to account for such a sea



state model. The usual practice has been to assume that the
directional wave spectrum can be written as
S, (0,w) = Sp(w) ¥(g) (1)

where Séw) is the unidirectional wave spectrum, 06 is the
direction angle measured from any convenient datum. V (s) is the
directional spread function having the propertyfgw (o) de = 1.

¥ () was approximated by C*CosP (g -8 ), where C is a
constant and 8 = mean wave direction. n was assumed to lie
between 2 and 8 in most cases depending on the site. As
described at a later stage of this report, field wave data
indicates that this may not be the case in all instances. Note
that as n becomes larger the directional spread function becomes

narrower and the sea state approaches uni-directional condition.

1.3 The Research Project

Two years ago the Army Corps of Engineers contracted the

University of Washington to a prototype floating breakwater

monitoring program aimed at studying more about wave transmission
characteristics, wave forces on the structure, anchor cable
behavior, structure response and rubber connector behavior. In
addition, boat-wake experiments were also carried out for various
structure configurations. This gave the much desired opportunity
to calibrate and compare a theoretical model with actual field

data.



1.4 The Test Site

The test site for the floating breakwater monitoring program
was located off West Point in Puget Sound (Fig. 1). Due to its
exposed 1ocation,vthe wave and wind conditions were considered
extremely suitable for such a project. The wind blew mostly from
the north or south, which also meant that the wind direction was
almost perpendicular to the breakwater (Fig. 2). This assured
that the breakwater faced the worst conditions for any given sea
state. The water depth at the site was approximately 50 ft. The
fetch was about 9.0 and 6.8 miles from the north and south

respectively.

1.5 Scope of the Problem

A numerical finite element model has been developed to
analyze the behavior of long floating structures in a directional
sea. It predicts coupled sway/roll and heave motions at a given
number of nodes (or cross sections) using the sea state and
structure configuration as inputs. In addition internal
structure forces (shear and moments) can also be obtained at each
node if required. The above model uses linear spectral
techniques in the analysis and all the information are presented
in spectral form so that the the designer can obtain important
statistical information about the structure motion and relevant
parameters. Model predictions have been compared with West Point
field data and agreement was found to be close;

The second stage of the model, which is still under



development, will be used to predict the low frequency motion of
comparatively short structures due to second order hydrodynamic
forces (drift forces). This is an essential step in the design
of mooring systems for short structures. The amount of data that
has to be handled at this stage is enormous and so is the time
required. The output of the first stage is used as the input to
this model. A quasi-linear sepctral type analysis using

quadratic transfer functions is used in the analysis (See Chapter

5).



CHAPTER 2

Data Acquisition and Analysis

2.1 Data Acquisition

A RCA microboard data acquisition system capable of sampling
96 data channels at a rate of up to 8 hz was developed for the
study. A preliminary analysis of West Point data indicated that
all the informationat the site fell well below 2 hz (mosly below
1l hz). According to the theory of time series analysis, the
sampling rate should be higher than or equal to twice the maximum
frequency of the sampled data. A sampling rate of 4 hz was
therefore considered sufficient. A linear wave gage array
consisting of 8 probes, each 5 ft. apart (though in most cases
only three were sufficient) to obtain directional wave data was
installed well away from the structure to avoid reflection and
diffraction effects (Fig. 3). Among other major measurements
were, accelerations, wave pressure along the structure, relative
motion between the pontoons, anchor loads, wind speed and wind

direction.

2.2 Data Analysis

(a) Coordinate System

Fig. 3 shows the coordinate system and the wave probe
locations used in the computation directional wave spectrum at
the West Point site. The shown coordinate system was chosen only

for convenience, but in general the origin can be any where on



the free surface and any general axis can be chosen as the

reference direction.

(b) Directional Wave Spectrum

Introduction of high resolution Frequency - Wavenumber
Spectrum analysis by Capon [8] for the analysis of seismic data
and later utilized by others (e.g. Regier and Davis [50] and
Oakley and Lozow [44]) for the analysis of water waves, greatly
enhanced the capability of accurately describing the three dimen-
sional sea. Maximum Likelihood Method (MLM), as it is widely
called, was used in the analysis of West Point wave data. Capon
(9], showed that MLM has much higher resolution than the more

commonly used FFT method due to its higher noise rejection

capability.
Yy
Gage n
Zmn
*n

Gage m

X

m

Refer to the above figure. Assuming that the wave height is

a stationary stochastic process, it can be defined by the



stochastic integral [5], [15]
n(x,y,t) {mfmexp[i(k.x - wt)] dZn}w,e)
where, k = (kCosg, kSinpg) X = (x,v)
Zn(e,w) is called the spectral process associated with the wave
field with fhe following properties:
i) Orthogonal increments. i.e. E[dZn(w,e)dz:(u,w)] = § unless
W=u and 8 =Y, .
ii) Whenw =y and g = v, E[dzn(w,e)dz’;(w,e)] =S (w,0) dude
The space-~time lag correlation by definition is given by,
Clzst) = Eln(x,t) n*(x+g, t+r)]
Substituting the expression for (x,y,t)and using the
relations in (i) and (ii) above,
C(z,t) =ufésn(e,w) expli(wr-k.z)] de dw
The spatially lagged frequency cross-spectrum Q is defined
as,
Q(z,wW) =_mf”C(;,T) exp(—iw{) dt
Substituting for C,
Q(z ,w) =ef %l(e,w) exp(-ik.z) de
If there are N probes then the discrete expresssion for Q

gives the Cross Power Spectral Density Matrix(CPSD) QmnlCmprw)e.

tmn = ¥p - Xp and x;, i = 1,2,..m,n,..N areprobe locations.

In other words, the element of CPSD in the m th row and n th
column is equal to the cross spectrum between wave records at
locations x, and x, respectively (see APPENDIX D). Other
elements of the matrix correspond to the remaining ¢, values (or

Xmr X, pairs). This can be directly constructed from wave



records of field data at the probes considered.
Now, if we consider a finite number (= M) of directions, the
CPSD matrix can be written as,
M

Q= I
i=1

T(w,05) r'T(w,85) S (w,8;) (a)
where, r(w,8) is the complex phase lag vector that gives the
phase lag between the origin and the probes ,

r(w,9) = [exp(ik.xq) exp(ik.x3) .... 1]
What we require is'an inverse relation of (A) which gives an
estimate Sn}e,w) given Q. Therefore we write [29]

S ag:w) = BAg'T Q(w) Ag (B)

Substituting for Q from (A) in (B),
M

S (Bd:W) = z
n i=1

* 2
Ad r(wlei) Sn_(ej_lW)

Coefficients of the vector A3 which minimize the right hand side
contribution for i not equal to 4 gives the MLM estimate of

Snfed,w). Or, we have to find Ag so that

*
Ai TI(W,ei) lzsn(ei,W)

2
*
Sn(ed,w) = IAd Tr(w,ed)l Sn_(ed,w) + T

i#d

is minimized subject to the constraint Ad*T‘t(W'ed)l = 1. The

resulting coefficients (see Appendix A for proof) form the MLM

estimate of Sn(ed,w)

Sn(ed,W) =1/ [r*T(w,ad) 01 (w) r(wegg)l




In the case of a linear array, which is capable of resolving
the directions only in the half plane of 4 - 180 deg or 180 - 360
deg, the wind direction gage was helpful in identifying the
correct half plane, though this was actually not essential in the
analysis of the structure. The advantage of using a linear array
was the increase in directional resolution [45] , specially when
the waves are approaching nearly normal to the array, which was
found to be the case at the monitoring site. Figs.4 and 5 shows
the directional sea state that existed on 16/21/83 at 00:40 hrs.
Fig. 6 and 7 shows the results of an attempt to fit a cosine
spread function as described in Chapter 1. High values of n were
obtained at some frequencies contrary to the usually expected low
values. Miller [39] also confirmed that predicted structural
response agreed with the measured response only for high values.
This also meant that the assumption of beam seas would not intro-

duce appreciable errors in this case.

10



CHAPTER 3

Hydrodynamic Loading on the Structure

A major and relatively time consuming part in the analysis
process is the computation of the hydrodynamic loading, i.e. the
computation of hydrodynamic mass, damping and direction dependent
force coefficients. Assuming that the structure is "large"

(relative to the wave length) the most suitable method appears to

be the potential flow solution.

3.1 Coordinate and Boundary Definitions

3.2 Equation Formulation

(a) Oscillation of the Structure at the Free Surface

The complex velocity potential produced by a harmonically

oscillating floating structure can be described by
53 = ¢ j(x,y) exp (~iwt)

where, j = 1,2,3 represents the small amplitude oscillation of

11



the structure in sway, heave and roll respectively given by

Xj = ng exp(-iwt) i=1,2,3
) j should satisfy the following;
v 2¢j = g Laplace equation

2 2 = -

9 ¢j/at + g3 j/BY = @ at y = @ (free surface)

v6ej = Vn on the structure surface

20 j/ay = @ at vy = - h (bottom)
X {3¢j/ax + ike4} = @ when x -> «» (radiation

condition)

The radiation condition requires that ® 5 behave at infinity
like a radially outgoing wave and imposes a uniqueness which
would not otherwise be present.

Substituting the expression for &, the above equations become

i) y 2¢j - (kSin )24y = 0

ii) 563/3Y =~ vpj = O v o= w?/g
iii) 76-D = vp

iv) 2 $3/0Y =0

v) * {hgj/ax + ikey) = O

where 63 = ¢j(x,y)

Generally the analysis is carried out for ng = 1, thus
giving the potentials associated with a unit amplitude motion.

Condition (iii) can then be described as,

d ¢1/9n = - iwng
3 ¢2/9n = - iwny
p $3/5n = - iwlxny - ynyl

where n is the unit normal out of the body surface.

12



(b) Diffraction

Indicating the incident and diffracted wave potentials (for
a regular wave) by ¢ g and ¢ 4+
0§ = ¢j(x,y) expl[i(zkSing-wt)] j=0,4
¢4 too has to satisfy the set of equations (i) through (v) except

for the fact that equation (iii) should now be;

(3/3n) (¢gtpa) = @ or,
9 4/5n = - 34¢g/0n
Also,
$g = -i (9n/w) {Cosh[k(h+y)] / Cosh(kh)} expl[i(kxCoss)]
The linearized Bernoulli equation gives the pressure by
P(t) = - p3/5t, giving the spatial pressures P and pgyg as,
P4 = pwidy
Pga = pwi(eg * ¢4)

Forces and moments caused by the dynamic pressure are

£i5(w) = -spj nyds  i,j =1,2,3
fi(w,0) = =~ rpggni ds i=1,2,3
where np = ng ng = ny N3 = XDy - ynhy. fi(w,8) is the transfer

function that converts wave information to a force for agiven 8§,
w, for a stationary structure. This is also called the fluid
exciting force. fij can be further broken in to parts
proportional to acceleration and velocity, giving hydrodynamic
mass and damping coefficients. This is done only for algebraic
convenience in solving the equation of motion.

Hydrodynamic mass coeff. ajj(w) = - (Re(fjy) / w) C1

13



Hydrodynamic damping coeff. cij(w) = - (Im(fij) ) Co

Ciy and C, are nondimensionalising factors

C1 =1 /pA sway, heave
=1 HAB sway/roll
=1/p ABZ2 roll

and Cry = W (B/2g)1/2*c1

Non dimensional force coefficient gqj

Abs (fj) * C3

Phase = Tan"l[Im £; / Re £fil
and Cs3 = 1 / pgAkn sway
= 1 /pgBn heave

1/ pg(B3/12)n  roll

n incident wave amplitude

Numerical procedures to solve the above have been published by
various authors (Garrison [l7], Sayer and Ursell [53], Bai [3]
and Yeung (4], Nafzger and Chakrabarti [42], Green [22],
Georgeardis [20]). Vugts [63] did extensive experimental studies
to compare hydrodynamic coefficients obtained by potential flow
solutions with experimental results, for various cross sectional

shapes (including rectangular cross section). The agreement was

close.

3.3 Solution Procedure

Though integral equation methods seems to be the most
tractable and efficient method, finite element method too has
been used succesfully. A computer program was developed to solve
for the complex velocity potential using integral equation method

and Green's function technique. Incident and scattered wave

14



potentials were saved for later use in the drift force
computations. The solution procedure is described below briefly.

Using the Green's identity, the potential ¢ =¢ (x,y) at any
point on a smooth control surface boundary in the flow field can
be written as,

(1/2) ¢(x,y)= - re(a,b) (3/5nG(x,y:a,b) - G(x,y:a,b)(53/9n)¢(a,b)
r dr (a,b)

where (x,y) and (a,b) are two points on the boundary T .
G(x,y:a,b) is the Green's function that has properties similar to
the velocity potential which also satisfies the same boundary
conditions as the veloity potential. Such Green's functions
have been published by several authors including Wehausen and
Laitone [64]. The numerical solution procedure involves
discretization of the boundary and solving for the velocity
potentials at the mid point of each element by applying the
boundary conditions. The following set of linear equations will

then result:

b=

(L/2) ¢ 1 (x5,¥%) -‘E ¢(aj,bj)(B/Bn)G(Xi:Yi=aj,bj)(EF)j

j=1

G(Xi,yi:aj,bj) (3/8n)¢(aj,bj) (AI‘)j .

Numerical singularities occur when i=j, but methods are
available to avert this difficulty (see for example Garrison
[18]).

Two approaches to the problem are possible;

15



b)

a) Use of a Green's function that satisfies all the boundary

conditions except on the structure boundary. As a
consequence the above equation has to be satisfied only on
the structure boundary to solve for the velocity potential.
In a typical numerical computation, this means the number of
boundary elements as well as numerical errors associated
with the discretization process and computer memory
requirements are drastically reduced. One major
disadvantage exists. That is the highly complicated nature
of the Green's function which consumes large computer time.
On the other hand, use of a simple Green's function which
satisfies only the Laplace equation takes only a fraction of
the time required by more complicated function for
computations. But the boundary conditions will now have to
be satisfied on all the boundaries. This can introduce
additional numerical errors too.

The following procedure was found to give optimum

performance for the symmetric breakwater pontoon within the

computer memory limitations.

(1)

Choice (a) to compute hydrodynamic mass and damping

(ii) Choice (b) to compute direction dependent force coefficients

Some results for the West Point floating breakwater pontoon

are shown in Tables 1, 2 and 3.

16



CHAPTER 4

Dynamic Response of the Structure

4,1 Finite Element Formulation

The coordinate system used is shown in the figure shown
below. x and y axes are also the centeroidal axes of symmetry of
the section.

Of the three degrees of freedom sway, heave and roll, heave
motion is independent of the other two‘provided mooring
configuration is symmetric about y-z plane. Sway and roll motions
are coupled due to the partial submergence of the structure and
the coupling caused by mooring. Computer memory requirements can
therefore be minimized by considering heave and sway/roll motions
separately, but at the cost of reducing the efficiency (and
speed) of computation.

(a) Discretization of the Structure and Definition of Element

Degrees of Freedom

X
Pontoon number 1 2 3 4
le
Yy . b—‘—*l . . . . . . Z
Node number 1l 2 3 4 5 6 7 8 9

Plan view of a typical discretization of a 4 pontoon structure

17



i i+l i i+l
Heave Sway/roll
(Vertical Plane) ({Horizontal Plane)
v=Vertical displacement u=Horizontal displacement
vy = Rotation in the vertical § = Rotation in the horiz.

plane plane
¢ = Torsionaldisplacement

about element axis

(b) Finite Element Analysis

Following the procedures outlined by Zeinkiewicz [66], the

following element quantities can be computed,

Hydrodynamic mass A€ = S/ NT a(w) N 41
le
Hydrodynamic damping ce = ; NT c(w) N 41
le
Hydrodynamic buoyancy stiffness,
K'®€ = J NT k' N a1
le

where, a(w), c(w), k' are sectional hydrodynamic mass, damping
and buoyancy stiffness respectively. N is the interpolation
matrix which gives the displacement at any point on the element
in terms of nodal displacements,

u(l) = N u'

18



where

u(l) = {v(1) v(1)}T and u' = { v Y3 vy v, }T for

heave and |
u(l) = {u(l) §(1) ¢ (1IT and

u' = {u) §1 us §2 ¢1 ¢2}T for sway/roll.

For heave, a(w), c(w), k' become scalars ayyriCyyr k'yy (= pB)

For sway/roll,

Ay (W) ayy (W)
a(w) = XX X¢
a¢x(w) a¢¢(w)
_Cxx(w) cx¢(Wf
c(w) =
| € ¢x (W) C¢gp (W) |
] a
k' =
2 Koo

Also,

where Hp is the distance between the meta center and the center

of gravity of the section.

(c) Choice of Interpolation Matrix N

Choice of the“interpolation matrix.N is an importaﬁt
decision that has to be made in a finite element analysis. A
knowledge of actual behavior of the structure and experience in
finite element analysis is helpful for optimum numerical

performance. It is common in standard structural analysis to
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describe displacements associated with flexural bending along the
structure with a third order polynomial and torsional displace-
ments with a linear function (see for example McGuire and
Gallagher [37] ). On other hand using cubic polynomials in the
computation of hydrodynamic force spectral matrix will
drastically increase computation time. Use of a linear function
to compute the force matrix will make the procedure
"inconsistent" with the rest, but the error introduced in this
case is neglegible for long slender structures (oral conversation
with Hartz). Following this approach, the displacement at any

point on the element can be expressed as,

Heave:
N N N N
1 2 3 4
(v ¥ ]T = [V]_ Y1 \'% Y2]T
Nll N2| N3| N4I
Sway/Roll:
_N]. N2 N3 N4 g g ]
- [uy 61 up
[u § ¢] = |Np' No' N3' N4' o ] .
§2 ¢1 ¢21
0 0 ) ) Ng Ng
L 2
where,
N 1 - 3(1 2 3
1 = - 3(1/1)° + 2(1/1y)
Ny, = -1(1 - 1/1.)2
Ny = 3(1/15)2% - 2(1/1)3 Ni' = -(a/dl)Ny
Ng = -10(1/1.)2 - 1/1.] i=1,...4
NS = 1l - l/le
N6 = l/le

For hydrodynamic force computations N,

]
P4

[1-9

|
S

and N, N3 are
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replaced by Ng and Ng respectively to give a linear interpolation
polynomial. Rows that represent degrees of freedom not hydro-
dynamically loaded can be deleted to reduce computation.

Now, the hydrodynamic mass, damping and buoyancy stiffness
matrices for the whole structure can be obtained by summing A€,
C® and K'® respectively, to obtain A, C and K'.

The complex transfer function vector which relates the wave
amplitude to the sectional force f(8,w) was earlier derived.

f(g,w) = [ £,(8,w) f¢(e,w)]T for sway/roll

= fy(e,w) for heave

The stochastic time dependent force can then be given by

(151,

f(t) =_mfmf(e,w) exp[i(kzSine- wt )] dZ,(6,w)
where Z.(9,w) is the spectral process associated with the wave
amplitude (assumed stationary) with orthogonal increments. Using
the same interpolation functions defined above, the force vector
on the i th element is given by,

£5(0) = s S NT £(e,w) expli(kz;Siné-wt)] dz, (o,w) dlj

11. .
‘ Element i
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Note that 2; = Z;g + 14
where Z;4 is the length from the origin to the first node of the
i th element (see figure above).

It can be shown that the spectral matrix of the forces
between elements i and j is given by (see Appendix B for proof)

Sfi,j(W) = ef[ i) fNin(GIW)f(O,W)*TNj exp{i[k(zi-Zj)Sine}
1112

dl;d1;] S (p,w) do
where, Z3 = Zijg + 1

Zj = ng + lj

If the directional spread function is defined as vy (g) = Sn(e,w) /

Sm‘w) then the above relation becomes,

S¢ i,3(W) = Gjj(w) 5 (W)
where Gij(W) = sl / fNin(e,w)f(e,w)* TNj exp{i[k(zi—Zj)Sine}
) lilj

dljdly] v (e) do
= 7 Lo NTeEe,wE(e,w)" TNy exp{isindl(zj5 +(13-14)1}
3] lilj
dlj a1 1 v(e) de
where 2jy = zig - Z50

Summing over all the elements for the whole structure gives the

Spectral matrix, Sg (W) T Sf i,j(w)

1,3

I Gjj(w) S

W)
i,J ‘

n

G(w) S (w)
n
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where G(w) = I Gjj(w)
i,3

4,2 Mooring Analysis

The effect of mooring on the structure is an important
parameter that determines the response of a floating structure,
especially in sway and to a smaller extent in roll. 1In most
cases its effect on heave is relatively small due to the dominant
buoyancy stiffness except in the special case when the slack in
the cable is zero. In addition the presence of mooring
contributes to the hydrodynamic coupling between sway and roll
motions. Therefore, the accurate determination of mooring

constants is essential in dynamic response analysis.

Adee [1l] developed a rigorous mooring analysis program for
his breakwater study. This was considered adequate for the
present study. The theory, which is found in his report in

detail, is summarized below.

Forces at node i

i+l
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The figure above shows a section of the anchor cable near
nodes i and i+l. The weight of each cable section is considered
to be concentrated at the bottom of the section. 1In order to
find the shape of the cable, summations of forces are computed
for static equilibrium at each node, giving

T; Sind¢; - Wi

b341 = Tan 1] ]
T; Cos % i
where Tj = tension in segment i
Wi = weight of section i concentrated at node i
i = angle between element i and horizontal

The new angle is then used to compute the tension in the next
section, |
Tia1 ) Ti{ Cos ¢
Cos ¢j 41
The computation begins at the free surface so that at any
node the tension in the cable section above as well as the angle
of that section to the horizontal is known.
Coordinates of each node are computed by,
Xi+1 = Xj * lext i+l Cosé j41
Yi+l = Yi + lext i+l Sin¢ j+1
where 1,44 is the length of element under tension.
At the last node the y coordinate is compared with the depth
of the anchor. 1If there is a difference, the initial tension

value is adjusted (which is guessed). From then on the procedure

is repeated over as many iterations as needed adjusting the
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tension until the depth is accurate to within 6.01% . Among the
ouput are the stiffness of the cable in vertical and horizontal

directions.

4.3 Frequency Response Solution

The equation of motion is

(M+A) T+ Cr+ (K+K') r =F
where M and K are structural mass and stiffness matrices and A, C
and K' are hydrodynamic mass damping and stiffnes matrices as
described previously. The structural damping has been assumed
neglegible.
Substituting r = ryg exp(-iwt), F = Fy exp(-iwt) fourier
transforming and squaring the above equation gives

Sp(w) = H(w) Sg(w) H'T(w)

where H(w) = [-w2(M + A(w)) - iwC(w) + (K + k*')]~-L.

Sp(w) was derived in the previous section and is given by G(w) *

S (w).
n
Then,
Sp(w) = R(w) S (w)
n
where R(w) = [H(w) G(w) H*T(w)] is the response transfer

function of the breakwater.
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CHAPTER 5

Non Linearities

The above derivations based upon classical linear spectral
techniques become increasingly less applicable when non
linearities dominate. For a moored floating structure there are
two major hydrodynamically non-lineaxr situations that must be
considered in the analysis (Structural non-linearities, such as
non-linear behavior of mooring cables, will not be considered).

i) Non linear viscous damping dominates in roll near the
resonant frequency of the structure.

ii) Low frequency drift oscillations - This is theAsituation
where the structure undergoes large amplitude rigid body
drift oscillations at or near the undamped natural frequency
of the mooring system. Large mooring forces will then

result.

5.1 Viscous Roll Damping

Fig.8 shows the roll rigid motion of a rectangular
cylinder as given by Vugts [63]. The dashed line shows the
theoretical potential flow solution and the solid line shows the
experimental measurement. It can be seen that the error
introduced by not considering the viscous contribution causes a
significant error at and near the resonant frequency. 1In the
West Point breakwater, the roll resonance ffequency is about .3

hz, (Miller [39]) which is also close to the peak spectral
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frequency, which helps to further magnify the problem.

Various authors (for example Salvesen [51], Schmitke [541])
have suggested ways of introducing the contribution from viscous
roll damping. The disadvantage is that almost all of them use an
iterative procedure in the solution of the equation of motion due
to the fact that the damping coefficient is a function of square
of roll amplitude. Such a procedure, if used in the type Qf
computation described previously in this report, will consume an
enormous amount of computer time making the whole exercise
impractical. For this work therefore the model will be
calibrated using field data. Some method of generalizing the

results will be sought.

5.2 Drift Forces

Previously, the wave-excited forces on the structure were
derived using the linear potential theory. A more thorough
evaluation of hydrodynamic forces requires one to consider higher
order contributions to the wave induced force. This second order
contribution leads to a drift force that consists of a mean
component and a low frequency oscillating component. Though
small in magnitude, this can cause the breakwater to undergo
large amplitude drift oscillations at or near the undamped
natural frequency of the mooring system. Computationally,
difficulties arise since instantaneous water surface and second-
order potential have to be considered. In this study, the

viscous contribution is ignored and only the potential flow
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solution is considered. This means that the breakwater has to be

"large" compared to the wave length, which in most cases is true.

(a) Previous Work

Pinkster [46,48], and Standing [57,58] predicted second
order forces on barges and ships and Faltinsen and Loken [16]
computed second order forces on two dimensional infinite
cylinders. Beam seas were assumed in both cases. Dalzell [13],
Pinkster [48] and later Miksad, Powers, Kim, Jones, Solis and
Fischer [40] applied cross - bispectral techniques to measured
incident waves and structure motions to obtain a quadratic drift
force transfer function.

In the following a theoretical model is developed to
predict second order force and response spectra for a floating
breakwater in a directional sea. As will be noted, the
computational effort will be roughly squared when considering
directional seas as compared to the case of beam seas. The low
frequency forces are critical only for the rigid motion of the
breakwater as this is the case where the low natural frequency of
the mooring system dominates. The flexural low fregquency
displacements will be almost nonexistent. Therefore the analysis

will be confined to one of rigid body type.
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(b) Theoretical Model

OO —.

Wl

In the following derivation, subscripts 0,1,2 represent

zeroth, first and second order terms.

Let S(x,y) = Sg(xg,¥yg) + Sy(x1,¥1)

where S is the instantaneous wetted boundary at a given cross

section, Sy is the mean wetted boundary and S} the immersion of
the structure as a consequence of wave and structure motion.

The fluid dynamic force (per unit length) on the structure
is given by,

f = -J p nds
S

where n is the instantaneous normal to the surface given by

n = ng+ €n}
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ng = normal vector to surface S (= [ nyy nyg]T)-
en)] =change of normal vector arising from the motion of the
structure.
e.= a small factor << 1
The vector n; is given by
ng = Rj ng
where R; is matrix consisting of first order rotation at the
cross-section considered. The linear and non-linear pressure is
given by
P = -9y —pd¢ - (L/2) p(ve)?
where ¢ and p are given by,

¢ = E@l +E;2§>2

p = Pg t ep; *t €2P2
Pg = hydrostatic pressure = =-p gy
Py = first order pressure = =-p9Y1 - pa¢1/at
Po = second order pressure = - (1/2) p(V¢1)2 - p302/5t

- p(s1.yp0 1/5%)
s; = [x7 y1] is the displacement of the center of gravity of the
section. (See Appendix C for derivation of pj).
Also,
£ =f5 + £y + €2f2
Substituting in the expression for £,

fg + £1 ¢ esz = 7(Pg * epy + ezpz)(ng + ¢gny) dS
Sg+51

Extracting zeroth, first and second order terms,
fg = o g J'yn ds = o gAk
" sy
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£, = [fpgyyng dS + fp3% 1 /3tny ds
Sy Sg
The first term is easily recognized as the hydrodynamic

restoring force.

The second order force which produces the "drift" force is

given by,
f2 ==/ P M ds - /P2 Dy ds - fplngds
Sg Sg Sy
The first integral = - rP1m ds = - Rp rP10g ds = Ry £;
59 Sg

legi by Newton's law

The second integral is obtained by directly substituting for pj.

Using py = -pgy] - 301/t = - gyy + p9ny
where n.1 is the wave amplitude,
Y1
The third integral = -fpyng dS = - f(—pgyl + pgny)ng 4y
51 Y1WL

where y)yp 1s the vertical displacement of the mean water level
of the structure.

The above, as can be seen, is the integration of the pres-
sure from actual mean water surface to the wave crest (or
trough). This length is small enough to approximate the pressure
by a hydrostatic distribution. Therefore,

third term = - (1/2)99n1r2n@

where N1y =11 - Yiwr 1s the relative wave amplitude.
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The second order force then reduces to, 2
£, = - (1/2)pgny,“ ng + Ry m s, t;f(l/2)p(V®1) ng ds
]
(i) (ii) (iii)

+/ paop/3t ng dS +  [p(S1.Vd01/3t) ny dS
S s
] o

(iv) (v)

Note that the above expression gives the second order force per
unit length at a given section. m is the mass per unit length.
Also note that the first term should be computed on both vertical
walls and the difference should be considered as the contribution
due to relative wave height.

Assuming that variation of the force between two nodes is linear,
the total force (and the moment) can be obtained by integration
along the length of the structure. Thus,

Fj

L

M2 ,I;-'Xxfz dl

(c¢) Numerical considerations

In considering low frequency motions of floating
breakwaters, knowledge of their physical behavior can be utilized
to simplify the theoretical model. Firstly, low frequency
motions are significant only insway and to a lesser extent in
yaw. But in general, to solve for either sway or yaw, roll
motion too has to be considered since all three motions are

coupled with each other. If the coordinate system origin is
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chosen at the mid point, added mass and damping terms in yaw
becomes uncoupled from the rest due to symmetry. If the mooring
cable lay-out is symmetric about the x-y plane (which is usually
the case), the yaw motion becomes completely independent of sway
and roll. For a typical floating breakwater the second order
roll oscillation is neglegible although this may not be true for
a large vessel. Therefore, second order roll motion will be
neglected in this model. Later by numerical computation it will
be shown that term (i)'dominates the mean drift force, while term
(iii) helps to reduce its effect. This is in contrast to the
practice that considered only term (iii) to augment linear

computations.

Derivation of the Quadratic Force Transfer Function

Careful examination of the terms involved in the expression
for the second order force shows that each term is formed by the
product of two first order terms. Let the two first order

quantities be given by,

N
A = I npAnet¥nt and
n=1
N .
B = I npBy e~ 1Wpt
m=1

where n (and m) represents a wave with a given frquency and
direction. Note that A, and B are complex and contain the phase

information including those due to wave number and position
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variations. Keeping in mind that only the real part is of
interest, the low frequency portion of the product of A and B is
given by [58},

N N ,
AB = (1/2) I z TlnnmAan* e~il(wp-wp)t
n=1l m=1

If we combine the Wp-Wn and wp-w, terms, the resulting

coefficients F will have a symmetric real part and an anti-

nm

symmetric imaginary part, i.e F,, = an*. Obtaining the results

in this form reduces the computational effort as well as data

storage requirements. If the second order force is written as

N N ,
F, = I Z np m Frm e_l(wn'wm)t
n=1 m=1

then, it can be shown that [58],
Fm = (Aan* + Am*Bn) / 4
Fon is called the Quadratic Force Transfer Function for the pair
of waves denoted by subscripts n and m.
To elaborate the above procedure, contribution to term (iii)
from the incident and diffraction potentials are computed below.

The procedure is similar for other terms although the undelying

steps may not be explicitly obvious for some terms.

Term (iii) = ng(l/Z)p(V¢1)2 nyg dS
It was earlier shown that the first order diffraction + incident

velocity potential can be written in the form

¢, = $1(x,y) el (kzSing-wt)
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i(kzSin68-wt)

30 1/3% = ¢1x(X,y) e

9% 1/3Y = ¢ly(er) ei(szine—wt)

93¢ 1/272 = (ikSin )¢ (x,y) oi(kzSine-wt)
where, ¢lx ='8¢1/3X

d1y = 391/,y

It is then easy to see that low frequency contribution to term
(iii) from these two potentials is of the form

N N )

L npMn tom elllenen) - (Wp=wp)]

n=1lm=1
where n and m denote two wave fronts with frequency and direction
Wnhr 6 and wp, o respectively and

*
tog = (l/Zgé’[(l/Z)AnAm T ngl asy

A

j is given by

= ; : ikzSing4
Ay = {415 91y iky ¢15ines} e Chs)

/ nj
As described previously, we can combine wp-w, and wy-wp terms to
obtain the contribution to the quadratic force transfer function

given by

fom = (l/s)sé[AnAm*T + Am*AnT] ng dSg

Note that above expression gives the transfer function at the
cross-section considered. The complete transfer function has to

be then obtained by integrating the above along the water line.

The only other term that needs special attention is term
(iv) as this term consists of the second order potential. 1In
computing term (iv) it is assumed that the second order wave is

undisturbed due to second order diffraction and motions of the
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structure. An expression for the undisturbed second order

potential is given in [58},

N-1 N+1
o 2= -1 = T nnmmCpamCosh [Kyn (h+y)] exp{i[K pxCosepy +
n=1l m=1
Knmzsinenm - (Wp—wp)t + en-em]}
where,
C.. = (1/2)g% {k.2Sech®k _h/w. -k.2Sech?k_h/w. + 2(w-w.)k.k
nm 9 n n/ Wn m °€C m/ W Wn=Wm)Kknpkpy

[Cos(6p-6p) + Tanhkh Tanhkpyhl} / {KppgSinhKpyh

- (wn-wm)ZCoshKnmh} and

Kmm €osépmn knCosep - kpCosoy
Kmm Sinépy = kpSine, - kpSinepy
It is easy to see that the integration of p3¢,/3t over the cross

section results in a contribution to the quadratic transfer

function similar in form to the one derived for term (iii).

(d) Drift Force and Response Spectra

Let us denote the quadratic force transfer function (for

either sway or yaw) by, Fnm = F(Wps 6piWper opm) for each
frequency/direction pair. From the theory of spectral

superposition, it canbe shown that the meandrift force is given

by,

F2 meanf(vi) =£ g /8 (w,08)S (w,0+yj) |F(w, 05w, 0+yj) dwde

The total mean force is the sum of those for all difference

directions. Or,
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F2> mean = ? F2 mean(vi)

The spectral density matrix of the low frequency drift
oscillation force is given by ‘

SFZ(yrw) = é £San+p,e+¢) Snw,9) ]F(w,e;w+p;e+¢)|2 dedw
where ¥ and Vv are difference frequency and direction respec-
tively. The difference direction can be conveniently integrated

out to obtain

Spa (1) = £ Spplury) dy
v

The low frequency résponse spectral matrix can be obtained by,

S,p = H(wH(w) "Spy

where H(w) is the frequency response function given by
H(w) = 1 / [-w2(M+*A(w)) -iwC(w) + (K+k')]
Note that H(w) is a scalar since only one motion degree of

freedom is considered at a time.
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CHAPTER 6

Further Considerations

6.1 Time Domain Solution

The above non linear properties can be easily included in
time domain integration technique. In this case, the frequency
dependent hydrodynamic quantities will have to be converted in to
the time domain by the relation

oo

A(t) JA(w) exp(iwt) dw

o IC(W) exp(iwt) dw

C(t)
In a real situation the above computation becomes cumbersome and
time consuming. In most cases therefore A and C are assumed

constant, equal to their values at the peak spectral frequency.

6.2 Curved Structures

The above developments, as can be seen, are valid for a
straight breakwater only. As a computer memory saving measure,
the global and element coordinate system were made to coincide,
though it was not explicitly mentioned. In the case of a curved
breakwater (for example one consisting of two straight "legs"),
assuming the loaded degrees of freedom still remain sway, heave
and roll, the above model canbe used with 2 minor changes

1. The relationship u = N u' has to be replaced by u = N b

u', where b is the connectivity matrix which converts
element displacements to global displacements, which now

is position dependent.
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2. The wave heading angle 0 will also now depend on the

positioning of each element
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CHAPTER 7

COMPARISON OF RESULTS WITH FIELD DATA

7.1 Computer Programs

Several computer programs had to be developed for the

analysis described in the previous chapters. Function of each

program and their reltionship to each other is shown in fig. 9

and summarized below.

Program name

BWDIR

HCOF

HEFORC

DYN

DRIFT

Function

Computes directional wave spectra from
the field wave records.

Computes radiation velocity potentials
(used by program DRIFT) and hydrodynamic
mass and damping coefficients (used by
program DYN)

Computes diffraction velocity potentials
(used by program DRIFT) and hydrodynamic
forcing coefficients and their phases
(used by program DYN)

Dynamic (first order, "high" frequency)
analysis of the structure. Gives
spectral information of hydrodynamic
force, structure response and internal
structure force distribution along the
structure. Response is used by program
DRIFT.

Computes second order hydrodynamic drift
forces (mean and oscillating) and
resulting mean displacement and low-
frequency oscillation of the structure.
Mooring forces should be computed based
on the results of this program. (At the
time of writing DRIFT was nearing
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completion)
All the programs were designed to run in a micro-computer

with about 256k of memory.

7.2 Results and comparison with field data

Program DYN was used to analyze the West Point experimental
prototype breakwater motion and the results were compared with
field data. The wave field was simulated using the measured wave
spectrum at the site (Fig. 1¢). The structure was modelled using
four finite elements as shown below. More elements are needed if

higher numerical accuracy is required.

Node no. 1 2 3 4 5

. L]

Pontoon no. 1 2

be— 75" te 75—

One of the assumptions in the theoretical model described in the
preceding chapters is that the end effects of the structure are
neglegible. In other words the length dimension of the structure
must be much larger than the other dimensions. This is true in
the case of a typical floating breakwater or a bridge. On the
contrary, the West Point break water was considered a "short"
structure because it had only two pontoons (each pontoon was 75'
long, 16' wide and the draft was 3.5'). Inspite of the relative
shortness of the structure, satisfactory agreement of predicted

acceleraions with breakwater accellerometer readings show that
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this assumption has not introduced any appreciable error.

Using program DYN, the spectral matrices of hydrodynamic
force and the resulting structure response were computed. The
responses are those at the centeroid of each section (node).
Fig. 11 shows the hydrodynamic sway force auto spectrum at mid-
point (node 3) of the structure and Figs. 12 and 13 show the
coherence between the hydrodynamic sway force at midpoint and the
hydrodynamic sway force along the rest of the structure for the
frequencies 0.2 hz and #.4 hz. Notice that the coherence falls
off more rapidly as the frequency grows higher. Therefore if
emperical relationships are used to model hydrodynamic force
coherence one must take its frequency dependence in to account.
In long structures we can expect to find the coherence going down
to zero even at lower frequencies, if the two points under
consideration are spaced far enough. The "effectiveness" of
hydrodynamic force which induces the structural response in such
cases is highly dependent on the coherence pattern. If we assume
that the sea is uni-directional and assume a 2-d configuraton, we
would then be implicitly assuming that the force coherence along
the structure is unity and drastic over-estimation of structure
response will then result. The sway response auto spectrum at
midpoint as estimated by DYN is shown in figure 14.

Using interpolation functons described in Ch. 4 and
standard coordinate transformations, the acéeleration spectrum at
the accelerometer locations were computed and compared with

measured accelerometer readings. Fig. 16 shows the comparison of
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predicted sway accelleration with that measured at the east
pontoon. The agreement is very satisfactory as evidenced by the
close variances.

Fig. 15 shows the autospectrum of the horizontal strucutre
shear force computed by DYN. Moments are small as the structure
is relatively short.

Similar results obtained for heave motion are shown in Figs.
17 through 22.

It is left for the designer to obtain design values from
these results. A common practice is to use the variance of the
process to find design values with a known probability of
occurence. If structure fatigue is of interest the designer will
be mainly interested in the so called "zero crossing period" of
forces and moments, i.e the time between two consecutive points

where the value of the process goes to zero.
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APPENDIX A

We need to minimize
5 (ogw) = 2g"T Q(w) A4
subject to the constarint [Ad*T r(w,ed)l = 1
This is a typical Lagrange multiplier problem. Therefore, the
above problem simplifies to minimizing
L=2a3"T ow) ag + (a5"T t(whg - 2

where z is a complex number with unit magnitude.

Setting, 8L/3A4" = @ gives
Q(w) Ag + Ar(w,6g) = 0@ (1)
oL/ 3X = @ gives
AS*T k(w,04) - z =0 (ii)
Substituting for Ag = - AQ—l r from (i) in (ii),
*
z
A = -

T [Q-1]T r*

Substituting for A in (i) gives AQg-
z* Q'l r

Ag =

Substituting for Ag in the expression for S (6g,W) we get
n

s (eqw) = 1/ [r*T(w,04) @ L(w) r(w,e4)]
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APPENDIX B
The cross-correlation matrix of force vectors for elements i
and j is given by
Re §,5(7) = E[£5(8) £5(t+n) " T

= slror Nin(e,W)f(e,W)* TNj exp{i[k(zi-Zj)Sine}
8 131>

dl 415} exp(iwf) S]#e,w) dedw
To obtain the spectral matrix, the above expression has to be
fourier transformed. It can be seen that the cross-correlation
matrix is in the form
fP(w) exp(iwT) duw
which can be easily recognized as a backward fourier transform.

Therefore if we forward fourier transform the cross correlation

matrix, the result should be equal to P(w) = Sfj,j° i.e. the
hydrodynamic force spectral matrix is given by,
* . :
Sfi,j(w) = sl fNin(e,w)f( 8 W) TNj exp{llk(zi—Zj)Slne}

9 L1,
dlidl,] Sm(e,w) de
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APPENDIX C

P = - pgy - 03¥3t - (1/2) p(ve)?
Substituting ¢ _ e¢; *+ e2¢2
P =Pg + ep] + 2Py
y = yg t &1
and considering second order terms,
P2 = - pddy, g/3t - [0(2) terms of - pd¢y/ot] -(1/2)0(V¢1,0)2
where the additional 0 in the subscript indicates that the
potential has been computed at the mean position of the point
under consideration. To consider the 0(2) portions of the second
term of the above expression we use Taylor expansion to express
1 about its mean position as,
¢ = ¢1,g + v¢l,g~sl + higher order terms
Then, the second term = - P(3/3t)(s1.Y¢; g)
= - (s1.V3¢y,9/0t)

With the understanding that all potentials used are computed
at the mean position of the structure, we can drop the zero in
the potential subscript which gives,

p2 = second order pressure = - (1/2)p (V¢1)2 - pdgy/ ot

- (s1.V93¢;/3¢)
sy = (x1,y1) is the first order displacement of the center of

gravity of the section.

52



APPENDIX D

Multivariate Spectral Analysis of Time Series

Suppose we observe n different events (or time series) X,
X9seee.Xpat agiven time t. Ingeneral, the observations can be
complex. It is possible to arrange these n observations in a
vector X(t) ;

X(t) = [Xy(t) Xp(t) .. Xp(t)1T

Assume that the mean of all the events are zero for

convenience. The correlation function at lag k is thena nx n

matrix given by

C(k) = E[X(t) X"T(t+k)]

[ Xy (£) X7 ¥ (t+k)
X5 (£) X" (t+k)

X (£) X" (E+k)

X1 (£) X" (E+k) ...

Xo (£) X" (t+k)

Xp(t) X" (£+k)

X1 (t)Xp" (t+k)
Xo (t) X" (E+k)

Xn(t) Xy (£+k)

) .
P A
Ci1 (k) Cia2(k) ... C1 (k)
C21 (k) Coa(k) ... Cy (k)
For a stationary event (or process, or time series) the

correlation depends on on the time lag only. The diagonal
elements are the auto-correlation functions of each event and the

off-diagonal terms are the cross-correlation functions for each
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pair of events. It is easy to see that C is hermitian (i.e Cij =

*

Cji )o
The spectral density matrix S(w) is given by fourier

transforming C,

oo

S(w) =_JC(T) exp(-iwTm) dr
511 (w) S12(wW) ... S1n(W)
_ 512 (W) S12(w) ... Sopn(W)
Sn1 (W) Sp2(w) ... )

Again, the diagonal terms are called the Auto-Spectral
Density of each event and the off-diagonal terms give the the
cross-spectral density for each pair of events. If all the events
are assumed to be Gaussian, knowing the spectral matrix above
means that all the statistics of the joint events are known and
statistically similar such events can be reconstructed. It 1is
easy to see that interpretation of the cross spectral density is
difficult in its dimensional form, as for example the two events
considered can have different units or scale effects etc.
Coherence and Phase is therefore defined to avert this difficulty
as follows (for two events i and j)

Real[Sij(w)]2 + Imag,[Sij(w)]2
Coherence Chjj(w) =

Sii (W) S45(w)
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Phase 9j(w) = - Tan"! [ReallS;4(w)] / Imag(Sj;(w)]
Ch(w) always takes a value between @ and 1. This 1is a
measurement of how linearly related the two processes are in the

frequency domain.

Example 1:
The events X (t), Xo(t)seeerX(t) can be the the time series
at directional wave gages at n locations. S(w) then becomes the

Cross Power Spectral Density Matrix (CPSD) = Q.

Example 2:

Consider the construction of the hydrodynamic force sepctral
matrix. The events Xj;(t), Xp(t),...,Xp(t) are now the Hydro-
dynamic force time series for all degrees of freedom. If there
are N number of nodes and M degrees of freedom at each node (e.g

M = 2 for heave), then n = (N) (M).
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Figure 8. Theoretical and Experimental Roll Motion Amplitude
for a Rectangular Cylinder in Beam Waves [Vugts]
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BW8EBRE Ch.12
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Figure 10. Example Point Wave Spectrum at West Point
Breakwater Site
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SNHE FORCE AUTO SPECTRUM AT NODE 3
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Figure 1ll. Hydrodynamic Sway Force Auto Spectrum at Mid-point
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SN@L‘ RESP. AUTO SPECTRUM AT NODRE 3
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Figure 14. Sway Response Auto Spectrum at Mid-point
in Ft2s
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Figure 15. Horizontal Structural Shear Force Auto Spectrum
at Mid-point in Kip“S
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SWAY ACCN. - EAST PONTOON
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Figure 16. Predicted and Measured Sway Accelleration Auto
Spectrum - East Pontoon
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HE@&E FORCE AUTO SPECTRUM AT NODE 3
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Figure 17. Heave Force Autospectrum at Mid Point in KIP2 S
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HEH%F RESP. AUTC SPECTRUM AT NODE 3
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Figure 20. Heave Response Auto Spectrum at Mid-Point in FT2 S
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Figure 21. Vertical Structuralzshear Force Auto Spectrum
at Mid-Point in KIP“ S
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Figure 22. Predicted and Measured Heave Accelleration Auto Spectrum -
East Pontoon
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